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Introduction

This document develops general relativity from the ground
up, targeting physicists who want genuine understanding
rather than just computational facility. The niche it occu-
pies is narrow but real: most physics-oriented texts (Car-
roll, Wald) treat the geometry as a tool to reach the physics
quickly and sacrifice either rigor or intuition to get there.
Most mathematics-oriented texts (Lee, Spivak) are rigorous
but don’t connect the formalism to the physical and classi-
cal intuitions that make it meaningful. Existing treatments
in the physics and math literature tend to be encyclopedic
in nature, containing examples and topics which, while of
interest to practitioners, may obscure the elegant theoreti-
cal spine of the material. This document tries to address
all of these issues.

Our construction is based upon a philosophy of rigorous
minimalism. We carefully introduce and develop layers of
structure, and nothing is included for completeness. Every
topic is present because a later part relies on it, or because
it earns its place by genuinely illuminating the geometry.
Part I builds the metric-free foundation: manifolds, the tan-
gent and cotangent spaces, tensors, differential forms, the
exterior derivative, and the generalized Stokes theorem. A
metric is conspicuously absent throughout, and deliberately
so. Working without one forces every definition to rest on
smooth structure alone. Part II then adds the metric, and
from that single addition the entire geometric apparatus
follows: a unique connection, covariant derivatives, parallel
transport, geodesics, and curvature. Part III discusses es-
sential aspects of physics in curved spacetime, culminating
with a detailed discussion of general relativity. A cohesive
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set of appendices illuminates various aspects of the under-
lying classical field theoretic apparatus.

On rigor: we aim for the level of a careful first graduate
course in mathematical physics, with precise definitions, ex-
plicit calculations, and real proofs where they illuminate
rather than obscure. We do not aim for full measure-
theoretic or topological generality.
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Part I

Smooth Structure

Introduction to Part I

Before we begin developing the mathematics, it is worth
being clear about what differential geometry is and how it
relates to other things called “rigorous calculus.” Classical
calculus was powerful but imprecise, built on infinitesimals
and geometric intuition that resisted formal justification.
Real analysis, developed in the 19th century, made calcu-
lus rigorous on Rn. It gave precise definitions of limits, con-
tinuity, and differentiability, and put integration on solid
measure-theoretic foundations. Real analysis, however, is
tied to flat space. It tells you how to do calculus on open
subsets of Rn, not on a sphere or a curved spacetime.

Differential geometry takes real analysis as its foundation
and asks: what does calculus look like on a space that is
only locally flat? All the smoothness conditions in differ-
ential geometry are real analysis conditions applied in co-
ordinate charts. The exterior derivative is computed in
coordinates using real analysis. The proof of Stokes’ theo-
rem reduces to the fundamental theorem of calculus. The
“differential geometry” part is the insistence on coordinate-
independence: finding definitions of vectors, covectors,
derivatives, and integrals that make sense intrinsically on
the manifold, not just in a particular chart. This is the
sense in which DG extends and clarifies classical calculus,
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2 Smooth Structure

not by providing the ε-δ foundations that real analysis pro-
vides, but by identifying the correct geometric homes for
objects like df that classical calculus described only infor-
mally.

Part I covers the metric-free aspects of calculus on man-
ifolds: tensors, differential forms, the exterior derivative,
pullbacks, integration, and a proof of the generalized Stokes
theorem. Everything here requires only a smooth structure
and an orientation.

1 Manifolds

1.1 Motivation

Physics takes place on spaces that are not always flat. The
surface of a sphere, the spacetime of general relativity,
the configuration space of a mechanical system: these are
curved spaces that cannot be described by a single global
coordinate system. The theory of manifolds is the precise
framework for doing calculus on such spaces.

The key insight is that even though a curved space has
no global coordinates, it looks flat in small enough regions.
The surface of the Earth is curved globally, but locally it
looks like a flat plane (which is why maps work). A mani-
fold is a space that is locally flat in exactly this sense, with
enough structure to do calculus consistently across overlap-
ping local regions.
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1.2 Definition

A smooth n-dimensional manifold is a (Hausdorff and sec-
ond countable) topological space M equipped with a collec-
tion of coordinate charts {(Uα, ϕα)}, where each Uα ⊂M
is an open set and ϕα : Uα → Rn is a homeomorphism onto
an open subset of Rn, such that:

1. The collection of charts {Uα}, called an atlas, covers
M , i.e. M =

⋃︁
α Uα, and

2. All maps ϕβ ◦ ϕ−1
α : ϕα(Uα ∩ Uβ) → ϕβ(Uα ∩ Uβ)

between overlapping charts, called transition func-
tions, are infinitely differentiable (“smooth”).

A homeomorphism is a continuous bijection with a con-
tinuous inverse. It provides the topological notion of “same
shape,” meaning the two spaces look identical from a purely
continuous perspective, without any notion of smoothness
or distance. Requiring infinitely differentiable transition
functions upgrades the homeomorphisms to diffeomor-
phisms.

The coordinates x1, . . . , xn of a point p ∈ Uα are the com-
ponents of ϕα(p) ∈ Rn. Different charts give different co-
ordinates for the same point. The transition functions give
us a way to pass between the coordinate systems of overlap-
ping charts Uα and Uβ: ϕβ ◦ ϕ−1

α is simply a map between
open subsets of Rn, ordinary multivariable calculus terri-
tory. This provides a consistent notion of “smoothness” on
M , because changing charts involves a smooth transition
function.
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1.3 Examples

Euclidean space Rn is a manifold covered by a single
chart, the identity map. It is the trivial case.

The sphere S2 is a 2-manifold. No single coordinate chart
covers it (any map of the Earth has at least one point of
distortion or discontinuity), but two charts suffice: stere-
ographic projection from the north and south poles. The
transition function between them is smooth.

Spacetime in general relativity (GR) is a 4-dimensional
Lorentzian manifold. It is locally flat (special relativity
holds in small enough regions) but globally curved by the
distribution of matter and energy.
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1.4 Smooth Functions and the Smooth Structure

A function f : M → R is smooth if for every chart (Uα, ϕα),
the composition f ◦ ϕ−1

α : Rn → R is smooth in the ordi-
nary sense. The smoothness of transition functions ensures
this definition is chart-independent. The collection of all
smooth functions on M is denoted C∞(M).

The manifold itself has no preferred coordinates, no metric,
no notion of distance. Just this smooth structure, which
tells you what it means for a function to be differentiable.

1.5 Compactness

A topological space is compact if every open cover has a
finite subcover. Intuitively this means the space does not
escape to infinity and has no missing boundary points. In
Rn this reduces to closed and bounded (a sphere is com-
pact, a plane is not). A manifold with boundary can also
be compact. The closed interval [a, b] is the simplest exam-
ple, and the generalized Stokes theorem applies to compact
manifolds with boundary, as stated in §11.
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2 The Tangent Space

2.1 Tangent Vectors

At each point p ∈ M we want to define “directions you
can move.” The naive definition of an arrow pointing some-
where does not make sense on an abstract manifold because
there is no ambient space to point into. The correct defi-
nition: a tangent vector at p is a derivation on smooth
functions, i.e. a linear map v : C∞(M) → R satisfying the
Leibniz rule:

v(fg) = f(p) v(g) + g(p) v(f).

This captures the idea of “differentiate in a direction” with-
out needing an ambient space. In local coordinates {xµ},
the partial derivatives ∂/∂xµ are derivations, and they form
a basis for the vector space of derivations at p. We adopt
the Einstein summation convention, where repeated in-
dices, one upper and one lower, are implicitly summed over.
A general tangent vector is then:

v = vµ
∂

∂xµ
=: vµ∂µ,

where the RHS definition establishes standard notation.
The coefficients vµ are the components of the tangent vec-
tor in this coordinate basis. The tangent space TpM is
the vector space of all tangent vectors at p, with dimension
n. The set of all tangent spaces is known as the tangent
bundle TM := {(p, v) | p ∈M, v ∈ TpM}.

Before going further we must prove the intuitive fact that
{∂µ} indeed forms a good basis for the vector space of
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derivations. Let v be any derivation and work WLOG in a
chart with xµ(p) = 0. The proof proceeds in four steps.

Step 1: constants vanish. From Leibniz, v(1) = v(1 ·
1) = 1 · v(1) + 1 · v(1) = 2v(1) =⇒ v(1) = 0, and by
linearity v(c) = cv(1) = 0 ∀c ∈ R.

Step 2: smooth decomposition. For any f ∈ C∞(M)
and any q ∈ U , let f̃ := f ◦ ϕ−1 and write
ϕ(q) = (x1(q), . . . , xn(q)) for the coordinate vector of q.
Consider the straight-line path s ↦→ sϕ(q) in Rn from
ϕ(p) = 0 to ϕ(q), for s ∈ [0, 1]. The fundamental theorem
of calculus gives:

f̃(ϕ(q))− f̃(0) =

� 1

0
ds

d

ds
f̃(sϕ(q)),

and the chain rule gives d
ds f̃(sϕ(q)) = ∂µf̃

⃓⃓
sϕ(q)

· xµ(q), so:

f(q) = f(p) + xµ(q)

� 1

0
ds ∂µf̃

⃓⃓
sϕ(q)

.

Define hµ(q) :=
� 1
0 ds ∂µf̃

⃓⃓
sϕ(q)

, which are smooth func-

tions on U satisfying hµ(p) = ∂µf
⃓⃓
p
. Then f(q) = f(p) +

xµ(q)hµ(q) ∀q ∈ U .

Step 3: compute the derivation. Now apply v to our
expansion of f from step 2. By linearity and step 1:

v(f) = v(f(p))⏞ ⏟⏟ ⏞
=0

+v(xµ)hµ(p) + xµ(p)⏞ ⏟⏟ ⏞
=0

v(hµ) = v(xµ) ∂µf
⃓⃓
p
.

Setting vµ := v(xµ), we get v(f) = vµ∂µf
⃓⃓
p
for every f , so

v = vµ∂µ.
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Step 4: establish linear independence. Suppose
cµ∂µ ≡ 0 as a derivation (for some constants cµ ∈ R), mean-
ing it returns zero on every smooth function. Evaluating
on the coordinate function xν :

(cµ∂µ)(x
ν) = cµ · ∂µ(xν) = cµ · ∂x

ν

∂xµ
= cµδνµ = cν = 0.

We see that {∂µ} is both spanning and linearly independent
and is therefore a basis for TpM . □

2.2 Cotangent Vectors

The cotangent space T ∗
pM is the dual space to TpM :

the vector space of all linear maps ω : TpM → R. Given a
smooth function f : M → R, its differential df at p is the
cotangent vector defined by:

df(v) = v(f),

for any tangent vector v. This takes a tangent vector and
returns the directional derivative of f in that direction, a
number. Applied to the coordinate functions xµ themselves,
the differentials dxµ form the dual basis to {∂/∂xµ}:

dxµ
(︃

∂

∂xν

)︃
= δµν .

A general cotangent vector (also called a 1-form) is ω =
ωµ dx

µ, and its action on a tangent vector v = vν∂ν is:

ω(v) = ωµ dx
µ(vν∂ν) = ωµv

ν dxµ(∂ν) = ωµv
νδµν

= ωµv
µ ∈ R.
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3 Flat Space: Classical Calculus Revis-
ited

3.1 Basis Vectors as Differential Operators

Before going further it is worth understanding what is hap-
pening in ordinary Rn, because this is where the classical
and modern pictures meet, and where physicists are usually
not shown the connection.

In Rn you have a completely canonical way to differentiate
a function f in the direction of a vector v:

Dvf = lim
ϵ→0

f(p+ ϵv)− f(p)

ϵ
= vµ∂µf.

The map f ↦→ vµ∂µf is linear and satisfies Leibniz, making
it a derivation. Crucially, different vectors give different
derivations, and every derivation arises this way. So there
is a perfect correspondence:

vµêµ ←→ vµ∂µ.

This is why the coordinate basis vectors are identified with
partial derivatives. It is not saying basis vectors are dif-
ferential operators in some mysterious sense. It is saying
that the only intrinsic thing a tangent vector does
is differentiate functions, and in Rn that action is in
perfect bijection with the naive arrow picture. The arrow
v and the directional derivative Dv carry exactly the same
information.
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The reason this feels strange is that in Rn, we are accus-
tomed to tangent vectors having a life independent of func-
tions. They point somewhere in space, but on a general
manifold there is no ambient space to point into, so the
directional derivative action is all there is. The Rn picture
is secretly already this, just disguised by the familiar geom-
etry.

3.2 The Differential as a Cotangent Vector

Now look at the classical expression df = ∂f
∂xµdxµ. In clas-

sical calculus this is treated as an infinitesimal, something
vaguely defined that becomes rigorous only when you in-
tegrate it or cancel it against another d-something. The
modern picture gives it a precise identity: df is a cotan-
gent vector, a linear map that takes a tangent vector and
returns a number. Feed it v = vµ∂µ:

df(v) =
∂f

∂xµ
vµ.

This is simply the directional derivative of f in the direction
v, a perfectly concrete number: if v is a velocity vector,
df(v) is the rate of change of f along that motion. The
mysterious infinitesimal df was always this linear map. It
just needed a tangent vector to act on.

3.3 The Differential vs. the Gradient

In flat space with Euclidean metric the components of df
are ∂µf and the components of ∇f are also ∂µf , numeri-
cally identical. But df is a cotangent vector that acts on a
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tangent vector to give a number, while∇f is itself a tangent
vector that you dot with another vector to give a number.
The metric gµν = δµν is doing the conversion between them
invisibly, which is why classical calculus never needed to
distinguish the two. In curved space gµν is nontrivial and
the distinction becomes essential.

3.4 The Modern Picture: The Chain Rule as the
Duality Pairing

With this in place, the chain rule becomes transparent.
Consider a curve γ : R → M with parameter λ, and let
Dλ = d/dλ denote its tangent vector:

Dλ =
dxµ

dλ

∂

∂xµ
,

with components dxµ/dλ, the coordinate velocities along
the curve. We can then write:

df

dλ
=

∂f

∂xµ
dxµ

dλ
.

In the modern picture this is just the duality pairing be-
tween the cotangent vector df and the tangent vector Dλ:

df

dλ
= df(Dλ) =

∂f

∂xµ
dxµ

dλ
.

The right side is the pairing ωµv
µ with ωµ = ∂µf and vµ =

dxµ/dλ. The chain rule is the duality pairing between TpM
and T ∗

pM .
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3.5 What Classical Calculus Was Doing

In classical calculus this same result is sometimes hand-
waved by writing df = ∂f

∂xµdxµ and then “dividing by dλ,”
treating the dxµ as numbers that cancel. The modern pic-
ture explains why it works: you are not canceling infinites-
imals, you are evaluating the cotangent vector df on the
tangent vector Dλ. The classical df was always a cotan-
gent vector. The modern framework just gives it a precise
home.

4 Tensors

4.1 Definition

Given any vector space V and its dual V ∗, a tensor of
type (r, s) is a multilinear map taking r elements of V ∗

and s elements of V and returning a number. There is
nothing specific to manifolds here; this is a construction in
linear algebra that applies to any vector space.

On a manifold, we apply this at each point p with V =
TpM :

T : T ∗
pM × · · · × T ∗

pM⏞ ⏟⏟ ⏞
r

×TpM × · · · × TpM⏞ ⏟⏟ ⏞
s

→ R.

Tangent vectors are (1, 0) tensors and cotangent vectors are
(0, 1) tensors.
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4.2 The Tensor Product

Given an (r, s) tensor S and a (p, q) tensor T , their tensor
product S ⊗ T is an (r+ p, s+ q) tensor defined by evalu-
ating each on its respective arguments and multiplying the
results:

(S ⊗ T )(ω1, . . . , ωr, α1, . . . , αp, v1, . . . , vs, u1, . . . , uq)

= S(ω1, . . . , ωr, v1, . . . , vs) · T (α1, . . . , αp, u1, . . . , uq),

where ωi, αi ∈ T ∗
pM and vi, ui ∈ TpM . This has no symme-

try, so S ⊗ T ̸= T ⊗ S in general.

The tensor products of basis vectors and covectors, ∂µ1 ⊗
· · · ⊗ ∂µr ⊗ dxν1 ⊗ · · · ⊗ dxνs , themselves form a basis for
the space of all (r, s) tensors, which is a vector space in the
usual sense. So the coordinate expansion:

T = Tµ1···µr
ν1···νs ∂µ1 ⊗ · · · ⊗ ∂µr

⊗ dxν1 ⊗ · · · ⊗ dxνs

is exactly a basis expansion, with the components
Tµ1···µr

ν1···νs playing the role of coordinates in that vector
space.

A tensor at a single point p is a purely algebraic object.
A tensor field is a smooth assignment of an (r, s) tensor
to every point of the manifold. At each p ∈ M one has a
multilinear map on TpM and T ∗

pM , varying smoothly from
point to point. In coordinates, this means the components
Tµ1···µr

ν1···νs are smooth functions of the local coordinates
xµ. This is the object that typically appears in physics and
geometry.
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Note also that the pairing between a vector and a covector
is symmetric in the sense that it does not matter which
one you think of as “acting.” A (1, 0) tensor acting on a
cotangent vector gives the same number as the cotangent
vector acting on that tangent vector. Both are simply the
duality pairing ⟨ω, v⟩ = ωµv

µ. The distinction between
who is acting and who is being acted on is a matter of
perspective, not mathematics.

5 Coordinate Transformations

A tensor is a coordinate-independent geometric object. It
is the same map between vectors and numbers regardless
of which chart you use. This forces a specific relationship
between how components in different coordinate systems
must relate to each other.

5.1 Tangent Vectors

A tangent vector v has components vµ = dxµ/dλ in coordi-
nates {xµ}. Under a change to coordinates {x′µ}, the chain
rule gives:

v′µ =
dx′µ

dλ
=

∂x′µ

∂xν
dxν

dλ
=

∂x′µ

∂xν
vν .

So tangent vector components transform by multiplying by
the Jacobian ∂x′µ/∂xν of the coordinate change. In general,
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components that transform this way (with the forward Ja-
cobian) are called contravariant.

5.2 Cotangent Vectors

A cotangent vector ω has components ωµ = ∂µf (for exam-
ple). Under the same coordinate change:

ω′
µ =

∂f

∂x′µ
=

∂xν

∂x′µ
∂f

∂xν
=

∂xν

∂x′µ
ων .

Cotangent components transform by the inverse Jacobian
∂xν/∂x′µ. In general, components that transform this way
(with the inverse Jacobian) are called covariant.

5.3 Why the Pairing Is Invariant

The duality pairing ωµv
µ is coordinate-independent be-

cause the two Jacobians cancel:

ω′
µv

′µ =
∂xν

∂x′µ
ων ·

∂x′µ

∂xρ
vρ = δνρ ωνv

ρ = ωνv
ν .

This is not a coincidence; it is forced by the requirement
that the pairing return the same number in every coordi-
nate system. The covariant and contravariant transforma-
tion laws are precisely defined to make this true.
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5.4 General Tensors

A general (r, s) tensor has components that transform with
r forward Jacobians (one for each upper index) and s in-
verse Jacobians (one for each lower index):

T ′µ1···µr
ν1···νs =

∂x′µ1

∂xα1
· · · ∂x

′µr

∂xαr

· ∂x
β1

∂x′ν1
· · · ∂x

βs

∂x′νs
· Tα1···αr

β1···βs .

In GR this is often taken as the definition of a tensor: a
tensor is precisely an object whose components transform
this way. The geometric definition (a multilinear map on
TpM and T ∗

pM) and the transformation law definition are
equivalent.

5.5 Lorentz Transformations as a Special Case

The general Jacobian ∂x′µ/∂xν can be anything, varying
from point to point. Lorentz transformations are the spe-
cial case where the coordinate change is linear, x′µ = Λµ

νxν ,
so the Jacobian is constant everywhere and equals Λµ

ν it-
self. The tensor transformation law then corresponds to
multiplication by Λ and its inverse, which is exactly how
tensors transform in special relativity.
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6 The Wedge Product

Among all (0, k) tensors, the antisymmetric ones change
sign whenever any two arguments are swapped:

ω(v1, . . . , vi, . . . , vj , . . . , vk) = −ω(v1, . . . , vj , . . . , vi, . . . , vk).

These are called k-forms: antisymmetric multilinear maps
at a single point, a purely algebraic object. A differential
k-form, defined in §7, is a smooth assignment of a k-form
to every point of the manifold. Given a k-form α and an l-
form β, the wedge product α∧β is their antisymmetrized
tensor product:

α ∧ β =
(k + l)!

k! l!
Alt(α⊗ β),

where Alt antisymmetrizes over all arguments by summing
over all permutations with signs:

Alt(α⊗ β)(v1, . . . , vk+l)

=
1

(k + l)!

∑︂
σ

sgn(σ) (α⊗ β)(vσ(1), . . . , vσ(k+l)),

where the sum is over all (k + l)! permutations σ of
{1, . . . , k+ l}, and sgn(σ) = ±1 is the sign of σ. The combi-
natorial prefactor corrects for overcounting: Alt sums over
all (k+ l)! permutations, but the result is already antisym-
metric in the first k and last l slots separately, so each
distinct term appears k! l! times. The prefactor removes
this redundancy, leaving a correctly normalized (k + l)-
form. The wedge product provides a standard mechanism



18 Smooth Structure

for combining lower-rank forms into higher-rank antisym-
metric forms, a construction whose utility will become clear
shortly.

On basis covectors the antisymmetry gives:

dxµ ∧ dxν = −dxν ∧ dxµ, dxµ ∧ dxµ = 0.

The wedge extends to multiple factors by iteration, with
each new factor wedged on in turn.

dxµ ∧ dxν ∧ dxρ = (dxµ ∧ dxν) ∧ dxρ,

and so on for any number of factors. For general k- and
l-forms α and β the antisymmetry generalizes to graded
commutativity:

α ∧ β = (−1)kl β ∧ α.

The action of a basis k-form on k vectors is a determinant:

(dxµ1 ∧ · · · ∧ dxµk)(v1, . . . , vk)

= det

⎛⎜⎜⎜⎝
vµ1
1 · · · vµk

1
...

...

vµ1

k · · · vµk
k

⎞⎟⎟⎟⎠ .

The entries are the {µ1, . . . , µk}-components of each vector,
giving the projection onto the chosen coordinate k-plane.
The determinant gives the signed k-volume of the paral-
lelepiped they span. This is not an analogy: the definition
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of the wedge product via Alt is precisely the Leibniz for-
mula for the determinant. The exterior algebra is the al-
gebra of determinants, which is why the wedge product is
also called the exterior product. Note also that this de-
terminant interpretation provides a simple way to see that
dxµ ∧ dxν = −dxν ∧ dxµ and dxµ ∧ dxµ = 0. The table
below provides several explicit examples.

k Example Geometric Content

1 dxµ(v) = vµ
Component of v in the µ
direction; a 1 × 1 determi-
nant.

2
(dy ∧ dz)(v, w)
= vywz − vzwy

Signed projected area of
(v, w) onto the yz-plane.

3 (dx ∧ dy ∧ dz)(u, v, w)

Full 3 × 3 determinant;
signed volume of the par-
allelepiped spanned by
u, v, w.

7 Differential Forms

7.1 Definition

A differential k-form on M is a smooth assignment of a
k-form to each point of M , specifically a smooth choice at
every p of an antisymmetric multilinear map TpM × · · · ×
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TpM → R. A differential k-form is a special case of a tensor
field. It is a (0, k) tensor field whose components are fully
antisymmetric.

7.2 Smoothness

It is worth being precise about what this means. The tan-
gent space TpM is a different vector space at each point,
so the basis covectors dxµ|p are literally different objects at
different points. There is a separate dual basis at each p,
and a differential k-form ω assigns to each p a k-form built
from that point’s basis covectors, with real-number coeffi-
cients that depend on p. In a coordinate chart, ω has com-
ponent functions ωµ1···µk

(p), and smoothness means these
are smooth functions of the coordinates x1, . . . , xn on that
chart, in the usual multivariable calculus sense. This con-
dition is chart-independent. If the components are smooth
in one chart, they are smooth in any overlapping chart,
because the transition functions between charts are them-
selves smooth, which is exactly what it means for M to
be a smooth manifold. Equivalently, for any smooth vector
fields v1, . . . , vk onM , the function p ↦→ ωp(v1(p), . . . , vk(p))
is a smooth function M → R.

Just as a vector field is a linear combination of basis vec-
tor fields ∂µ with smooth coefficient functions, a differ-
ential k-form is a linear combination of basis k-forms
dxµ1 ∧ · · · ∧ dxµk with smooth coefficient functions. The
space of all differential k-forms on M is denoted Ωk(M):
concretely, all possible choices of smooth coefficient func-
tions. It is a vector space over R (you can add forms and
scale by constants), and infinite-dimensional globally since
the coefficients can be any smooth functions. But at each
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individual point p, the space of k-forms is merely a finite-
dimensional vector space of dimension

(︁
n
k

)︁
.

7.3 Examples in R3

In R3 the independent basis forms of each degree, and the
corresponding general forms, are:

0-forms: a smooth function f . No arguments, just a num-
ber at each point.

1-forms: f1 dx + f2 dy + f3 dz, with f1, f2, f3 arbitrary
smooth functions. Takes one tangent vector, returns a num-
ber.

2-forms: f1 dy ∧ dz + f2 dz ∧ dx + f3 dx ∧ dy. Takes two
tangent vectors, returns a weighted sum of projected areas.

3-forms: f dx ∧ dy ∧ dz. Takes three tangent vectors, re-
turns their signed volume weighted by f .

7.4 Counting Basis Forms

The number of independent basis k-forms in Rn is
(︁
n
k

)︁
. You

choose k coordinate directions from n, and antisymmetry
means order does not matter up to sign. In R3: 0-forms
have 1 component, 1-forms have 3, 2-forms have 3, and 3-
forms have 1. The coincidence that 1-forms and 2-forms
have the same number of components is special to 3 di-
mensions, and has significant consequences for how vector
calculus works, as we will soon see. There are no nonzero k-
forms for k > n. Repeating a basis element gives a repeated
row in the determinant, which is zero.
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7.5 Why Forms Are the Right Objects to Inte-
grate

The fact that a k-form returns signed k-volumes is not in-
cidental; it is precisely what makes forms the right objects
to integrate. A length element, an area element, a volume
element are all instances of the same thing: a k-form eval-
uated on k infinitesimal displacement vectors. This gives a
single unified definition of integration over curves, surfaces,
volumes, and arbitrary manifolds, as we will see in §8.

8 Integration

8.1 Orientation

An orientation on a manifold M is a consistent choice
of “handedness” across all coordinate charts, concretely a
choice of which basis orderings (∂1, . . . , ∂k) count as posi-
tively oriented. On a curve this means a direction of travel;
on a surface, which side is up; on a volume, a choice of right-
vs. left-handed axes. Two charts are orientation-compatible
if the Jacobian of their transition function has positive de-
terminant. An orientable manifold is one that admits a
consistent such choice globally. A Möbius strip is the clas-
sic example of a manifold that does not. The orientation of
M also induces a natural orientation on its boundary ∂M
via the outward normal convention, which we make precise
in the proof of the generalized Stokes theorem in §11.
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8.2 Definition

To integrate a k-form ω over an oriented k-dimensional sub-
manifold M , work in a positively oriented coordinate chart
with coordinates x1, . . . , xk. In this chart ω has a single
independent coefficient:

ω = ω12···k(x) dx
1 ∧ · · · ∧ dxk.

We define the integral:

�
M

ω :=

�
dx1 · · · dxk ω12···k(x),

where the right-hand side is a standard multivariable inte-
gral, where the dxi are ordinary Lebesgue measure factors,
not wedge products. Orientation enters through the sign:
swapping two coordinate directions flips the sign of the de-
terminant and hence the sign of the integral, corresponding
to integrating over the oppositely oriented manifold. On a
non-orientable manifold no global sign convention exists, so
forms cannot be integrated globally. No metric is required
anywhere in this construction.

8.3 Why This Definition Makes Sense

Recall the intuitive heuristic underlying a Riemann integral:
divide M into tiny coordinate boxes, evaluate something
on each box, and sum. Each tiny box has edge vectors
ϵ1∂1, . . . , ϵk∂k where ϵi is the side length in the i-th direction
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(an ordinary real number, not a form). The natural thing
to assign to this box is the value of ω on its edge vectors:

ω(ϵ1∂1, . . . , ϵk∂k) = ω12···k(x) det

⎛⎜⎜⎜⎝
ϵ1

. . .

ϵk

⎞⎟⎟⎟⎠
= ω12···k(x) ϵ1 · · · ϵk,

where we used the determinant rule from §6 and the fact
that the edge vectors point in orthogonal coordinate direc-
tions. Summing over all boxes and taking the limit ϵi → dxi

(now Lebesgue measure factors) gives exactly the standard
Riemann integral of ω12···k. So the definition is the unique
natural way to sum up what the form assigns to infinitesi-
mal pieces of M .

8.4 Coordinate Independence

This might seem anticlimactic. After all that machinery,
integrating a form just reduces to a standard integral in
Rn. But that is precisely the point. On a bare manifold
there is no canonical way to integrate a plain function. If
you pick different coordinates, you get a different number
because you forgot the Jacobian. A differential form fixes
this. As shown in §5, a k-form coefficient ω12···k has k lower
indices, so it transforms with k inverse Jacobians; these k
factors combine into the single determinant det(∂x/∂x′) by
the same antisymmetry of the wedge product that collapses
k Jacobian factors into a determinant in the first place:

ω′
1···k =

∂xµ1

∂x′1
· · · ∂x

µk

∂x′k
ωµ1···µk

= det

(︃
∂x

∂x′

)︃
ω1···k.
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The last step uses the fact that ωµ1···µk
is fully antisymmet-

ric. The sum over all µ1, . . . , µk kills every repeated-index
term and flips signs on transpositions, leaving exactly the
alternating sum of products of Jacobian entries (i.e. the de-
terminant). The Lebesgue measure dx1 · · · dxk transforms
by the change of variables formula with the reciprocal fac-
tor det(∂x′/∂x). These cancel exactly, leaving

�
M ω the

same number in every chart. The entire apparatus exists
to guarantee that the reduction to a standard integral is
coordinate-independent.

9 The Exterior Derivative

9.1 Definition

The exterior derivative d is a map d : Ωk(M) →
Ωk+1(M), defined on a k-form ω = 1

k!ωµ1···µk
dxµ1 ∧ · · · ∧

dxµk by:

dω =
1

k!

∂ωµ1···µk

∂xν
dxν ∧ dxµ1 ∧ · · · ∧ dxµk .

Differentiate the coefficient and wedge on a new basis cov-
ector. On a 0-form this is just the differential df = ∂µf dxµ.
On a 1-form ω = ωµ dx

µ, applying the definition:

dω = ∂νωµ dx
ν ∧ dxµ.
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Writing the sum as the average of itself with dummy indices
µ↔ ν swapped, then using dxµ ∧ dxν = −dxν ∧ dxµ:

dω =
1

2
(∂νωµ dx

ν ∧ dxµ + ∂µων dx
µ ∧ dxν)

=
1

2
(∂νωµ dx

ν ∧ dxµ − ∂µων dx
ν ∧ dxµ)

=
1

2
(∂νωµ − ∂µων) dx

ν ∧ dxµ.

The antisymmetric combination ∂νωµ − ∂µων is the curl of
the 1-form coefficients, which is exactly where curl comes
from, as we will see below.

9.2 Nilpotency

The antisymmetry of the wedge product automatically an-
tisymmetrizes the derivatives, which is why d2 = 0. Apply-
ing d twice gives ∂ρ∂νωµ contracted with dxρ ∧ dxν ∧ · · ·,
and since ∂ρ∂ν = ∂ν∂ρ (equality of mixed partials) but
dxρ ∧ dxν = −dxν ∧ dxρ (antisymmetry of wedge), every
term cancels with its swap. Symmetry in the indices is
killed by antisymmetry in the basis.

9.3 Grad, Curl, and Div

All of grad, curl, and div are special cases of d. To see
this explicitly, associate to any vector field F = (Fx, Fy, Fz)
in R3 a 1-form ωF = Fx dx + Fy dy + Fz dz and a 2-form
σF = Fx dy ∧ dz + Fy dz ∧ dx+ Fz dx ∧ dy.
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Grad: apply d to a 0-form f :

df =
∂f

∂x
dx+

∂f

∂y
dy +

∂f

∂z
dz.

The components of df are exactly the components of ∇f ,
packaged as a 1-form.

Curl: apply d to the 1-form ωF :

dωF =

(︃
∂Fz

∂y
− ∂Fy

∂z

)︃
dy ∧ dz +

(︃
∂Fx

∂z
− ∂Fz

∂x

)︃
dz ∧ dx

+

(︃
∂Fy

∂x
− ∂Fx

∂y

)︃
dx ∧ dy.

The three antisymmetric combinations of partial deriva-
tives are exactly the components of ∇ × F , packaged as
a 2-form.

Div: apply d to the 2-form σF :

dσF =

(︃
∂Fx

∂x
+

∂Fy

∂y
+

∂Fz

∂z

)︃
dx ∧ dy ∧ dz.

The coefficient is exactly ∇ · F , packaged as a 3-form.

The single operation d encodes all three classical operations.
The reason they look different in vector calculus is that
d acts on different types of forms each time, and the 3D
coincidence

(︁
3
1

)︁
=

(︁
3
2

)︁
= 3 allows both 1-forms and 2-forms

to masquerade as vector fields. Curl is the special case
that relies on this coincidence, which is why it does not
generalize beyond 3 dimensions. The single elegant identity
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d2 = 0 unifies what in vector calculus are two separate
identities:

∇× (∇f) = 0, ∇ · (∇× F ) = 0.

10 Pullbacks and Pushforwards

A smooth map ϕ : M → N between manifolds induces natu-
ral maps on tangent and cotangent spaces: a pushforward
on vectors and a pullback on forms.

10.1 Pushforward

The pushforward ϕ∗ : TpM → Tϕ(p)N takes a tangent vec-
tor at p ∈M to a tangent vector at ϕ(p) ∈ N . Recall that
a tangent vector is a derivation that acts on smooth func-
tions and returns a number. So ϕ∗v must be a derivation
on functions g : N → R. The question is: given such a g,
how do we use v, which only knows how to differentiate
functions on M?

The answer is to compose: g ◦ ϕ : M → R pulls g back to
M , where v can act on it. So the pushforward is defined
by:

(ϕ∗v)(g) = v(g ◦ ϕ).

This is the only obvious definition. It is the unique way to
turn a function on N into a function on M using ϕ. To
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get the coordinate formula, apply ϕ∗v to the coordinate
function x′µ on N and use the chain rule:

(ϕ∗v)
µ = (ϕ∗v)(x

′µ) = v(x′µ ◦ ϕ) = v(ϕµ) = vν
∂ϕµ

∂xν
,

where the last step uses v = vν∂ν acting on ϕµ as a function
on M . So the pushforward acts on components by the
Jacobian ∂ϕµ/∂xν .

10.2 Pullback

The pullback ϕ∗ : Ωk(N) → Ωk(M) takes a k-form on N
back to a k-form on M . It is defined by evaluating the form
on pushed-forward vectors:

(ϕ∗ω)(v1, . . . , vk) = ω(ϕ∗v1, . . . , ϕ∗vk).

This is again the only reasonable definition. ω lives on N
and needs tangent vectors at ϕ(p) ∈ N to act on, and the
pushforward supplies exactly those. For a 0-form (smooth
function) f : N → R, the pullback is simply precomposition:
ϕ∗f = f ◦ϕ. There are no vectors to push forward, just the
function composed with the map.

10.3 Coordinate Changes as a Special Case

A coordinate change x → x′ is a smooth map ϕ : U → U ′

between open sets. The transformation laws of §5 are ex-
actly the pullback and pushforward of ϕ: contravariant com-
ponents transform by the pushforward Jacobian ∂x′µ/∂xν ,
and covariant components transform by the pullback in-
verse Jacobian ∂xν/∂x′µ.
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10.4 Pullback Commutes with d

A fundamental property of the exterior derivative is that it
commutes with pullback. For any smooth map ϕ : M → N
and any differential form ω on N ,

ϕ∗(dω) = d(ϕ∗ω).

This says that differentiating and then pulling back gives
the same result as pulling back and then differentiating.
It reflects the fact that d is a purely smooth operation,
intrinsic to the manifold structure and independent of any
particular choice of map or coordinates.

The proof reduces to the 0-form case. For a smooth function
f : N → R and a tangent vector v ∈ TpM :

ϕ∗(df)(v) = df(ϕ∗v) = (ϕ∗v)(f) = v(f ◦ ϕ)
= d(f ◦ ϕ)(v) = d(ϕ∗f)(v),

where each step uses in turn: the definition of pullback, the
definition of df , the definition of pushforward, the definition
of d on a 0-form, and ϕ∗f = f ◦ϕ. So ϕ∗(df) = d(ϕ∗f). For
a general k-form, any form can be written locally as a sum
of terms f dxµ1 ∧ · · · ∧ dxµk . Since ϕ∗ commutes with ∧
(which follows directly from its definition) and with sums,
and d satisfies the Leibniz rule, the identity extends to all
forms by the 0-form case plus linearity.
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10.5 Restriction to a Submanifold

A submanifold S ⊂M is a subset that is itself a manifold,
with the smooth structure inherited from M . For example,
a curve or surface sitting inside R3. The natural map is
the inclusion ζ : S ↪→ M , which sends each point of S to
itself viewed as a point of M . The pullback ζ∗ω is then the
restriction of ω to S. It takes vectors tangent to S, pushes
them forward into M via ζ∗, and evaluates ω on the result.

For a coordinate held fixed on S, say xi = bi, the inclusion
map sends:

(x1, . . . , xi−1, xi+1, . . . , xk) ↦→ (x1, . . . , xi−1, bi, x
i+1, . . . , xk).

Applying the commutation identity with ϕ = ζ and ω = xi

(a 0-form):

ζ∗(dxi) = d(xi ◦ ζ).

Now xi ◦ζ is the function that takes a point on the face and
returns its i-th coordinate, but on the face xi = bi, that is
always the constant bi:

d(xi ◦ ζ) = d(bi) = 0.

This fact will be useful when we prove the generalized
Stokes theorem.

10.6 Terminology

There is an asymmetry in direction: vectors go forward with
ϕ while forms go backward against ϕ, reflecting a fundamen-
tal contrast in their nature. A form is a linear functional
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on vectors, so to evaluate a form from N at a point in M ,
you first need to produce a vector in N , which you do by
pushing forward. This makes the pullback of forms always
well-defined for any smooth map. The pushforward of forms
is not generally well-defined, because ϕ would need to be in-
vertible to pull vectors back from N to M . This directional
asymmetry is why the word “pullback” appears so often in
differential geometry. Forms, metrics, and connections all
pull back naturally, while vectors only push forward.

11 The Generalized Stokes Theorem

If M is a compact oriented k-dimensional manifold with
boundary ∂M , and ω is a (k − 1)-form:

�
∂M

ω =

�
M

dω.

This single statement contains all the classical integral the-
orems as special cases:
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M ω Classical Name

[a, b] 0-form f
Fundamental theorem of cal-
culus

Region in R2 1-form Green’s theorem

Surface in R3 1-form Classical Stokes’ theorem

Volume in R3 2-form Divergence theorem

They were never different theorems. The proof makes this
obvious.

11.1 Proof

Step 1: reduce to a coordinate patch. A partition of
unity is a collection of smooth functions {ρi}, one for each
coordinate chart, satisfying 0 ≤ ρi ≤ 1, each ρi vanishing
outside its chart, and

∑︁
i ρi = 1 everywhere. This lets

us write ω =
∑︁

i ρi ω, where each piece ρi ω is supported
entirely within a single chart. Since the integral is linear,
it suffices to prove the theorem for each piece, so assume ω
is supported in one chart with coordinates x1, . . . , xk.

Step 2: write out both sides. We define a (k− 1)-form
on a k-dimensional manifold as:

ω =
∑︂
i

(−1)i−1fi dx
1 ∧ · · · ∧ ˆ︂dxi ∧ · · · ∧ dxk,

where the hat means that factor is omitted. The sign
(−1)i−1 is inserted into an otherwise standard expansion
(its purpose will become clear momentarily). When we ap-
ply d, the new dxi lands at the left and must be moved
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i− 1 positions rightward to reach its desired place, picking
up a factor of (−1)i−1 from the wedge antisymmetry. The
inserted sign exactly cancels this. To see this explicitly, the
i-th term after applying d is:

(−1)i−1 ∂fi
∂xj

dxj ∧ dx1 ∧ · · · ∧ ˆ︂dxi ∧ · · · ∧ dxk.

For j ̸= i, the factor dxj already appears in the sequence,
giving zero by antisymmetry. Only j = i survives, and
moving dxi past i − 1 factors costs (−1)i−1, which cancels
the prefactor:

dω =
∑︂
i

∂fi
∂xi

dx1 ∧ · · · ∧ dxk.

The antisymmetry of the wedge product kills all mixed par-
tial terms; only the diagonal ∂ifi terms survive.

Step 3: apply the fundamental theorem. Integrating
dω over M , we handle each term in the sum separately. For
the i-th term, integrate over xi first using the fundamental
theorem of calculus:

�
dxi

∂fi
∂xi

= fi
⃓⃓
xi=bi

− fi
⃓⃓
xi=ai

.

Integrating the remaining k − 1 variables over their ranges
gives:

�
M

dω =
∑︂
i

�
dx1 · · · ˆ︂dxi · · · dxk [︂

fi
⃓⃓
xi=bi

− fi
⃓⃓
xi=ai

]︂
.

Each term is now an integral over a (k−1)-dimensional face
of the boundary, specifically the two faces where xi takes
its endpoint values.
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Step 4: recognize the boundary. Recall from Step 1
that we reduced to a single coordinate patch, which locally
looks like a box in Rk with coordinates x1, . . . , xk each rang-
ing over some interval [ai, bi]. The boundary of this box
consists of 2k faces, which are pairs of (k − 1)-dimensional
sides, where one coordinate is held fixed at its endpoint. In
R3 for example: if M is a 2D patch (a piece of surface), its
boundary faces are 4 edges; ifM is a 1D patch, its boundary
faces are 2 endpoints.

The restriction of ω to the face xi = bi is precisely the
pullback ζ∗ω, where ζ is the inclusion of that face into M .
By the commutation identity of §10, ζ∗(dxj) = d(xj ◦ ζ).
For j ̸= i, xj ◦ ζ = xj (those coordinates are free on the
face), so ζ∗(dxj) = dxj . For j = i, xi ◦ ζ = bi is constant,
so ζ∗(dxi) = d(bi) = 0. Every term in ω except the i-th
contains dxi and is therefore killed by ζ∗. The surviving
term is:

ζ∗ω
⃓⃓
xi=bi

= (−1)i−1fi(x
1, . . . , bi, . . . , x

k)

· dx1 ∧ · · · ∧ ˆ︂dxi ∧ · · · ∧ dxk.

Step 5: induced orientation. The boundary ∂M in-
herits an orientation from M by the following convention:
a basis (w1, . . . , wk−1) for Tp(∂M) is positively oriented if
(n,w1, . . . , wk−1) is positively oriented in TpM , where n is
the outward-pointing normal. On the face xi = bi, the out-
ward normal points in the +xi direction, so the induced

orientation agrees with dx1 ∧ · · · ∧ ˆ︂dxi ∧ · · · ∧ dxk up to the
sign (−1)i−1, exactly the sign already present in ζ∗ω. On
the face xi = ai, the outward normal points in the −xi di-
rection, reversing the orientation and contributing a minus
sign. This is precisely the ± structure in Step 3.
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Integrating ζ∗ω over all 2k faces and summing gives
�
∂M ω,

which is term-by-term identical to what Step 3 produced.
□

The whole proof is the fundamental theorem of calculus,
applied once per coordinate direction. The exterior deriva-
tive is built precisely so that its antisymmetry kills interior
terms and leaves only the boundary, which is why d2 = 0
and Stokes’ theorem are two sides of the same coin.

We have assumed throughout that the local pieces from the
partition of unity sum back up cleanly to give the full global
picture, specifically that boundary contributions from over-
lapping charts cancel consistently. This is intuitively clear
but requires careful verification; a rigorous treatment is
given in Lee, Introduction to Smooth Manifolds.



Part II

The Metric

Introduction to Part II

Part I developed the metric-free story: manifolds, tensors,
differential forms, the exterior derivative, and the gener-
alized Stokes theorem. Everything there required only a
smooth structure and an orientation. A metric was con-
spicuously (and deliberately) absent. Working without one
makes its role visible rather than assumed. The reader ar-
rives here having felt the absence of distances, angles, and
a canonical way to compare vectors.

Part II adds exactly one object: a metric gµν . From this sin-
gle addition the geometry of the manifold follows without
further arbitrary choices. The metric uniquely determines
a connection (forced by metric compatibility and torsion-
freeness), which determines covariant derivatives, parallel
transport, geodesics, and curvature. Part III will add mat-
ter and make the metric itself dynamical.

37
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12 The Metric

12.1 Definition

In Part I, a manifold came equipped with only a smooth
structure. You could do calculus on it, but could not mea-
sure distances or angles, and there was no way to compare
the lengths of tangent vectors. The metric supplies this
structure and is thus the centrally important ingredient re-
quired to build physics models in curved space.

A metric on a manifold M is a smooth, symmetric, non-
degenerate (0, 2) tensor field gµν . At each point p ∈ M it
is a symmetric bilinear form on TpM : a map gp : TpM ×
TpM → R that is linear in each argument and satis-
fies gp(v, w) = gp(w, v). Nondegeneracy means that if
gp(v, w) = 0 for all w ∈ TpM , then v = 0. This is the
condition that the matrix of components gµν is invertible.

In coordinates the metric is specified by its components
gµν = g(∂µ, ∂ν), a symmetric matrix of smooth functions.
We define the following (abuses of) notation for the metric:

g = gµν dx
µ ⊗ dxν =: gµν dx

µ dxν =: ds2,

where the so-called invariant line element ds2 notation
hand-wavily alludes to “squared infinitesimal length.” This
is just notation: s is not a function on the manifold and
d here is not the exterior derivative of Part I. It is also
conventional in physics to omit the tensor product symbol
as shown above and we will do this when the context is
clear. Note also that the metric determines a canonical
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volume form
√︁
|g| dx1 ∧ · · · ∧ dxn on any oriented manifold,

where |g| = |det(gµν)|.

12.2 Signature and Causality

A symmetric bilinear form can be diagonalized by a linear
change of basis, producing a standard form with +1s and
−1s on the diagonal. The number of positive and negative
entries is a property of the form itself, not the choice of ba-
sis: this is the signature. A Riemannian metric has all
positive entries, written (+, . . . ,+). A Lorentzian metric
has exactly one negative entry, written (−,+,+,+) in four
dimensions. A Riemannian manifold is a pair (M, g)
where M is a smooth manifold and g is a Riemannian met-
ric on it. A Lorentzian manifold is the analogous pair
(M, g) with g Lorentzian. The metric is not intrinsic to
M . The same smooth manifold can carry many different
metrics, and specifying one is an additional choice. The
term pseudo-Riemannian covers any metric with indefi-
nite signature and will be used when statements apply to
both cases. For a Riemannian metric, g is a genuine in-
ner product on TpM — symmetric, bilinear, and positive
definite. A Lorentzian metric drops positive definiteness,
so that g is an indefinite inner product (sometimes called
a pseudo-inner product). In either case, the metric is the
structure that allows one to measure lengths and angles on
the manifold.

General relativity uses a Lorentzian metric because special
relativity already tells us spacetime has this structure. The
invariant interval of special relativity,

ds2 = −dt2 + dx2 + dy2 + dz2,
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is precisely the Minkowski metric
ηµν = diag(−1,+1,+1,+1). At each point of a Lorentzian
manifold, tangent vectors split into three classes according
to the sign of g(v, v) = gµνv

µvν . Vectors with g(v, v) < 0
are timelike, vectors with g(v, v) = 0 are null, and vectors
with g(v, v) > 0 are spacelike.

12.3 Examples

Metric
Line

Element
Description

Euclidean
R3

+ dx2

+ dy2

+ dz2

Flat 3D space; gµν =
δµν .

Minkowski
R3,1

−dt2
+ dx2

+ dy2

+ dz2

Flat spacetime of
special relativity;
gµν = ηµν . The local
approximation to any
Lorentzian manifold at
small scales.

Round
S2

+ dθ2

+ sin2 θ dφ2

The unit 2-sphere in
spherical coordinates.
Note gφφ = sin2 θ van-
ishes at the poles: a
coordinate singularity,
not a geometric one.
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12.4 Raising and Lowering Indices

In Part I, tangent vectors and covectors lived in separate
worlds. A vector V µ ∈ TpM and a covector ωµ ∈ T ∗

pM are
dual to each other (one acts on the other to return a num-
ber), but there was no canonical way to convert between
them. Any such conversion would require choosing a basis,
making it coordinate-dependent. The metric provides this
identification intrinsically.

Since gµν is nondegenerate, it has an inverse gµν , defined
by gµρ gρν = δµν . Given a tangent vector V µ, the metric
produces a covector Vµ = gµνV

ν . Given a covector ωµ,
the inverse metric produces a tangent vector ωµ = gµνων .
These operations are called lowering and raising indices
(“index gymnastics”) for obvious reasons. The operations
are inverse to each other and extend to arbitrary tensors:
one factor of gµν per upper index lowered, one factor of gµν

per lower index raised.

Geometrically, this means that if V µ is a tangent vector,
then Vµ is not a different object but the same vector re-
expressed as a linear functional on other vectors. Specifi-
cally, VµW

µ = gµνV
νWµ = g(V,W ), i.e. acting Vµ on any

vector W returns the inner product of V with W . The cov-
ector Vµ is the operation “take the inner product with V .”
Raising and lowering is therefore the metric’s way of say-
ing that vectors and covectors, while technically distinct,
are two representations of the same underlying geometric
object.
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12.5 Why the Metric Is the Right Object

It is worth reflecting on why the metric, among all (0, 2)
tensor fields, occupies such a special role. A generic (0, 2)
tensor is just a bilinear map. It eats two tangent vectors
and returns a number. The metric does this too, but its
symmetry and nondegeneracy give it three properties that
no other structure provides without additional arbitrary
choices:

1. Nondegeneracy and symmetry ⇒ g is an inner prod-
uct (or at least pseudo-inner product) at each TpM ,
supplying the manifold with notions of length and
angle, hence the name “metric.” The length of a tan-
gent vector v is

√︁
|g(v, v)|, and the angle between

v and another vector w at the same point is given
by cos θ = g(v, w) / (|v| |w|). A generic (0, 2) tensor
cannot do this because it may be degenerate or asym-
metric.

2. Nondegeneracy gives a canonical isomorphism be-
tween TpM and T ∗

pM , as discussed above (“raising
and lowering”). Without a metric, no such identifica-
tion exists.

3. Nondegeneracy and symmetry uniquely determine a
connection out of infinitely many possibilities on M .
Since the connection, as we will see, determines paral-
lel transport, geodesics, and curvature, the metric is
not just one tensor among many but the root of the
entire geometric edifice of GR.
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13 The Covariant Derivative and the
Levi-Civita Connection

13.1 The Problem

Physical laws in curved spacetime must be coordinate-
independent. A law that holds in one coordinate system
must hold in all of them, or it is not a law but a coordinate
artifact. This forces us to write physics as tensor equations,
which in turn requires a way to differentiate tensor fields
and get tensors back. The exterior derivative of Part I gave
a coordinate-independent derivative for differential forms,
but the naive generalization to arbitrary tensor fields fails.
We need something more general. Indeed, even taking par-
tial derivatives of a simple vector field, ∂µV

ν , does not pro-
duce a tensor. Under a coordinate change x→ x′:

∂′
µV

′ν =

(︃
∂xσ

∂x′µ
∂σ

)︃(︃
∂x′ν

∂xρ
V ρ

)︃
=

∂xσ

∂x′µ
∂x′ν

∂xρ
∂σV

ρ +
∂xσ

∂x′µ
∂2x′ν

∂xσ∂xρ
V ρ.

The first term is correct tensor behavior. The second is the
obstruction. It vanishes only for linear coordinate changes,
which is why partial derivatives work in flat space with
Cartesian coordinates. On a curved manifold with gen-
eral coordinates it does not vanish, and ∂µV

ν is coordinate-
dependent.
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13.2 The Covariant Derivative

We define a covariant derivative ∇ to be an operator
mapping (p, q) tensor fields to (p, q + 1) tensor fields satis-
fying:

1. Linearity for tensors S, T and constants α, β: ∇(αS+
βT ) = α∇S + β∇T

2. Leibniz rule: ∇(S ⊗ T ) = (∇S)⊗ T + S ⊗ (∇T )

3. Reduces to exterior derivative for any scalar field f :
∇f = df

4. Commutes with contraction: ∇(trT ) = tr(∇T ).

These axioms should seem plausible for differential opera-
tors, but they do not uniquely determine ∇. Specifying a
covariant derivative is additional structure on the manifold
and many valid choices exist. We seek to specify a particu-
lar covariant derivative that resolves the problem identified
in the previous subsection.

Since ∇ is linear and satisfies Leibniz, its action on any
tensor field is completely determined by its action on basis
vector fields ∂ν . The result ∇(∂ν) is a (1, 1) tensor, and we
define the connection coefficients (or Christoffel sym-
bols) Γρ

µν via its components in the µ-direction:

[∇(∂ν)]µ =: Γρ
µν ∂ρ.

We henceforth adopt the notation ∇µ(·) ≡ [∇(·)]µ. This is
an unfortunate abuse of notation since it incorrectly seems
to suggest that ∇µ is a covector. It is calculationally useful,
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though, and therefore ubiquitous, so we are stuck with it.
The previous expression then reads:

∇µ∂ν =: Γρ
µν ∂ρ.

13.3 The Covariant Derivative is Coordinate-Free

To see how the covariant derivative resolves the problem
identified above, we derive its component expression for
a vector field and verify tensorial transformation. Write
V = V ν∂ν and apply ∇ via Leibniz:

(∇V )µ = [∇(V ν∂ν)]µ

= (∇V ν)µ ∂ν + V ν [∇(∂ν)]µ
= (∂µV

ν) ∂ν + V ν Γρ
µν ∂ρ

= (∂µV
ν) ∂ν + V ρ Γν

µρ ∂ν

=
(︁
∂µV

ν + Γν
µρ V

ρ
)︁
∂ν ,

where we’ve used the fact that (∇V ν)µ = ∂µV
ν for the

scalar coefficients V ν , and we also relabeled the dummy
index ρ ↔ ν in the penultimate expression. Reading off
the ν-component and further desecrating notation (in an
unfortunately standard way) so that (∇V )νµ ≡ ∇µV

ν , we
obtain the following classic coordinate-space expression for
the covariant derivative of a vector field:

∇µV
ν = ∂µV

ν + Γν
µρ V

ρ.
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For this to be a genuine (1, 1) tensor it must satisfy:

∇′
µV

′ν = ∂′
µV

′ν + Γ′ν
µρV

′ρ

=
∂xσ

∂x′µ
∂x′ν

∂xλ
∇σV

λ.

Using the transformation of ∂′
µV

′ν derived above, one can
verify that this is satisfied if and only if Γ transforms as:

Γ′ν
µρ =

∂xσ

∂x′µ
∂x′ν

∂xλ
∂xτ

∂x′ρ
Γλ
στ −

∂xσ

∂x′µ
∂xτ

∂x′ρ
∂2x′ν

∂xσ∂xτ
.

The second term is inhomogeneous: a pure second-
derivative piece with no Γ in it. It cancels precisely the
obstruction that appeared in ∂′

µV
′ν . The non-tensorial be-

havior of Γ is a requirement, not a defect. Γ must transform
this way to kill the obstruction.

The action of ∇ extends to arbitrary tensors by the Leibniz
rule. Each upper index contributes a +Γ term and each
lower index a −Γ term. For example, two common cases
are a covector and a (2, 0) tensor:

∇ρ ωµ = ∂ρ ωµ − Γλ
ρµ ωλ,

∇ρ T
µν = ∂ρ T

µν + Γµ
ρλ T

λν + Γν
ρλ T

µλ,

where the signs are fixed by the Leibniz rule applied to
contractions with other tensors.

13.4 Interpreting the Connection Coefficients

The name connection points at something specific. Tangent
spaces at different points TpM and TqM are separate vector
spaces with no built-in relationship. There is no canonical
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sense in which a vector at p “points the same way” as one
at q. The connection is the extra structure that provides
this. It connects the tangent spaces, supplying a notion of
what it means for a vector to vary (or remain constant) as
you move. The Γρ

µν are its coordinate expression, encoding
the rate at which the tangent spaces twist relative to each
other. This is what makes parallel transport possible: it is
the subject of the next section.

To see this concretely, notice that the two terms in the
component formula ∇µV

ρ = ∂µV
ρ + Γρ

µνV ν have different
origins: ∂µV

ρ is the change in the components, while Γρ
µνV ν

corrects for the basis vectors themselves changing. A plain
∂µ sees only the first, which is why it fails as a tensor deriva-
tive.

Recall that the expression underlying the component for-
mula is our definition ∇µ∂ν = Γρ

µν ∂ρ. This says that as
you move in the ∂µ direction, the change in ∂ν is itself a
vector with ρ-th component Γρ

µν . In flat space with Carte-
sian coordinates the basis vectors are constant everywhere,
so Γ = 0. In polar coordinates on flat space they tilt as
you move (∂r and ∂θ rotate) so that Γ ̸= 0 without any cur-
vature. Nonzero Christoffel symbols can therefore reflect a
curved coordinate system rather than a curved space. Cur-
vature lives in the derivatives of Γ, which is the content of
§16.

13.5 The Levi-Civita Connection

On a bare manifold there are infinitely many valid choices
of Γρ

µν . The metric singles out a unique one by imposing
two conditions:
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1. Metric compatibility: ∇ρ gµν = 0. The metric is
covariantly constant; equivalently, raising and lower-
ing indices commutes with ∇.

2. Torsion-free: Γρ
µν = Γρ

νµ. The lower two indices are
symmetric.

Together these uniquely determine Γ. Expanding metric
compatibility using the covariant derivative formula for a
(0, 2) tensor:

∇ρ gµν = ∂ρgµν − Γλ
ρµ gλν − Γλ

ρν gµλ = 0.

Write this out for three cyclic permutations of (ρ, µ, ν):

∂µgνρ = Γλ
µν gλρ + Γλ

µρ gνλ,

∂νgρµ = Γλ
νρ gλµ + Γλ

νµ gρλ,

∂ρgµν = Γλ
ρµ gλν + Γλ

ρν gµλ.

Add the first two and subtract the third. Applying torsion-
freeness Γλ

αβ = Γλ
βα and symmetry of g, four of the six Γ

terms cancel in pairs, leaving only 2Γλ
µνgλρ:

∂µgνρ + ∂νgρµ − ∂ρgµν = 2Γλ
µν gλρ.

Contracting both sides with gρσ and using gλρ g
ρσ = δσλ

gives the famous Levi-Civita connection, which will be
our default connection for the remainder of this text:

Γρ
µν =

1

2
gρσ(∂µgνσ + ∂νgµσ − ∂σgµν) .
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14 Parallel Transport

The connection defines what it means for a vector to remain
constant as you move along a curve γ : R→ M . A vector
field along a curve is a map V assigning to each λ ∈
R a tangent vector V (λ) ∈ Tγ(λ)M . Note this is defined
only along γ, not on a neighborhood of it. Such a field is
parallel-transported along γ if its covariant derivative in
the direction of γ′(λ) vanishes:

DV µ

dλ
:=

dxν

dλ
∇νV

µ =
dxν

dλ

(︁
∂νV

µ + Γµ
νρ V

ρ
)︁
= 0.

The notationD/dλ is the covariant derivative along the
curve: D

dλ ≡
dxν

dλ ∇ν , the component of ∇ in the direction
of γ′(λ). In flat space with Cartesian coordinates Γ = 0
and this reduces to ordinary constancy of components. In
curved space or curved coordinates, the Γ terms compen-
sate for the tilting basis, keeping the vector geometrically
constant even as its components change.

Parallel transport is path-dependent in the sense that mov-
ing a vector from p to q along different curves generally
produces different results. This path-dependence is the geo-
metric signature of curvature, made precise by the Riemann
tensor in a later section.
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15 Geodesics

15.1 The Geodesic Equation

A geodesic is a curve that parallel-transports its own tan-
gent vector. This is the natural generalization of a straight
line to curved space. Setting V µ = dxµ/dλ in the parallel
transport equation:

0 =
dxν

dλ
∂ν

(︃
dxµ

dλ

)︃
+ Γµ

νρ

dxν

dλ

dxρ

dλ

=
d2xµ

dλ2
+ Γµ

νρ

dxν

dλ

dxρ

dλ
,

where the last step uses (dxν/dλ) ∂ν = d/dλ along the curve.
This second-order ODE is the geodesic equation, whose
solutions are geodesics:

d2xµ

dλ2
+ Γµ

ρσ

dxρ

dλ

dxσ

dλ
= 0.

Writing uµ = dxµ/dλ for the tangent vector, the quantity
gµνu

µuν is constant along any geodesic. This can be seen
by noticing that, since D/dλ agrees with d/dλ on scalars,
the Leibniz rule gives:

d

dλ
(gµνu

µuν) =
Dgµν
dλ

uµuν +gµν
Duµ

dλ
uν +gµν u

µDuν

dλ
= 0,

where the first term vanishes by metric compatibility and
each of the last two vanish by the parallel transport condi-
tion applied to the tangent vector uµ. The constant value of
gµνu

µuν classifies the geodesic: negative for timelike curves,
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zero for null, positive for spacelike. The physical interpre-
tation of these classes is taken up in Part III.

15.2 Parallel Transport on the Sphere

The conservation argument above is not specific to tangent
vectors. For any two parallel-transported vectors V and W
along the same curve, the Leibniz rule and metric compat-
ibility give

d

dλ
g(V,W ) =

Dgµν
dλ

V µW ν + gµν
DV µ

dλ
W ν + gµν V

µDW ν

dλ
= 0.

For example, if γ is a geodesic with tangent u, then u is itself
parallel-transported by definition, so g(V, u) is constant for
any parallel-transported V . The angle between V and the
geodesic’s tangent is preserved throughout the arc.
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The meridians and equator of a round sphere are geodesics.
Take the North Pole N and two equatorial points A,B 90◦

apart (see figure), and parallel-transport a vector V , ini-
tially pointing south at A, around the triangle they form.
First leg A → B: V starts perpendicular to the arc and
this is preserved throughout, so V arrives at B still point-
ing south. Second leg B → N : V is directed along the
meridian, opposite the direction of travel. Parallel trans-
port preserves this, so V arrives at N pointing back tan-
gentially along the meridian toward B. Third leg N → A:
V is perpendicular to the arc and arrives back at A point-
ing due-East. We see that the parallel transport loop has
rotated the vector by 90◦, in contrast to flat space where
the same closed path returns any vector unchanged.
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16 The Riemann Tensor

The closing observation of §14 was that path-dependence
is the geometric signature of curvature. Take a vector V
at a point p and parallel-transport it around a closed loop,
returning to p. In flat space, you recover V exactly. In
curved space, you recover a rotated vector. The Riemann
tensor makes this precise.

16.1 The Definition

Partial derivatives commute, but covariant derivatives need
not. Whether they do depends on the geometry. To under-
stand this more deeply, we must compute the commutator
[∇µ,∇ν ] ≡ ∇µ∇ν − ∇ν∇µ. Applying this operator to a
vector V gives:

[∇µ,∇ν ] V
ρ = (∇µ∇ν −∇ν∇µ)V

ρ = ∇µ(∇νV
ρ)− (µ↔ ν)

= ∇µ(∂νV
ρ + Γρ

νσV
σ)− (µ↔ ν)

= ∂µ(∂νV
ρ + Γρ

νσV
σ) + Γρ

µλ(∂νV
λ + Γλ

νσV
σ)

− Γλ
µν(∂λV

ρ + Γρ
λσV

σ)− (µ↔ ν)

= ∂µ∂νV
ρ + (∂µΓ

ρ
νσ)V

σ + Γρ
νσ∂µV

σ + Γρ
µλ∂νV

λ

+ Γρ
µλΓ

λ
νσV

σ − Γλ
µν∂λV

ρ

− Γλ
µνΓ

ρ
λσV

σ − (µ↔ ν),

where we used the definition of the covariant derivative for
(1,0) and (1,1) tensors in the second and third lines, respec-
tively. Performing the antisymmetrization, three classes of
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terms cancel: ∂µ∂νV
ρ−∂ν∂µV ρ = 0 by symmetry of partial

derivatives; the first-derivative-of-V terms cancel pairwise
after relabeling dummy indices; and the (Γλ

µν − Γλ
νµ) terms

vanish by torsion-freeness. Gather the remaining terms so
that

[∇µ,∇ν ]V
ρ =: Rρ

σµν V
σ,

where we have defined the Riemann tensor:

Rρ
σµν := ∂µΓ

ρ
νσ − ∂νΓ

ρ
µσ

+ Γρ
µλΓ

λ
νσ − Γρ

νλΓ
λ
µσ.

This object is, perhaps surprisingly given its origins as a
commutator of differential operators, algebraic in V with
no derivatives. Covariant derivatives generally fail to com-
mute, and their failure (the Riemann tensor) acts directly
on V as a (1, 3) tensor field. The commutator [∇µ,∇ν ] is
the difference between transporting in the µ-then-ν order
versus ν-then-µ: the infinitesimal version of going around
a loop, and the Riemann tensor is what that loop does
to a vector, which is an intuitive way to quantify curva-
ture. Note that Rρ

σµν is built from Christoffel symbols
(two derivative-of-Γ terms and two Γ2 terms). The con-
nection coefficients, specifically their derivatives and self-
interactions, encode curvature.

For a general (non-Levi-Civita) connection, notice that
the (Γλ

µν − Γλ
νµ) terms do not vanish. They combine into

−T λ
µν∇λV

ρ, where T λ
µν = Γλ

µν−Γλ
νµ is the torsion tensor.
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That term involves a derivative of V , making the commuta-
tor a differential operator rather than a tensor acting point-
wise on V . Torsion-freeness is what makes the commutator
algebraic in V and hence a genuine tensor.

16.2 The Bianchi Identity

At any point p there is a coordinate system, called Rie-
mann normal coordinates, in which Γρ

µν(p) = 0. To
construct these coordinates, begin by fixing a basis {eµ} for
TpM . Every vector v = vµeµ ∈ TpM , by standard existence
and uniqueness of ODE solutions applied to the geodesic
equation, determines a unique geodesic γv with γv(0) = p
and γ̇v(0) = v. Define the coordinates of a nearby point q
via γv(1) = q. The smooth structure of M guarantees that
we can always find a q “close enough” to p that the same
coordinate chart is valid for both.

In these coordinates (by construction), γv has coordinate
representation xµ(λ) = λvµ. That is, the point γv(λ) is
reached from p by traveling along a linear ray from the
origin within the coordinate chart. Substituting into the
geodesic equation:

d2xµ

dλ2
+ Γµ

νρ(x(λ))
dxν

dλ

dxρ

dλ
= Γµ

νρ(λv) v
νvρ = 0.

Setting λ = 0: Γµ
νρ(p) vνvρ = 0 for every v ∈ TpM . Replace

v by v+w and subtract the pure-v and pure-w cases. What
remains is Γµ

νρ(p)(vνwρ + wνvρ) = 0 for all v, w. Since
Γµ
νρ = Γµ

ρν by torsion-freeness, this is 2Γµ
νρ(p) vνwρ = 0 for

all v, w, hence Γ(p) = 0, as we claimed. At p, the Riemann
tensor then reduces to Rρ

σµν = ∂µΓ
ρ
νσ−∂νΓ

ρ
µσ, and we also

see ∇ = ∂ at p. This construction is a coordinate trick, not
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a geometric fact. Γ is not a tensor, so its vanishing at p
is always achievable by a suitable chart and says nothing
about the curvature.

These coordinates are the tool for proving both Bianchi
identities. We work at an arbitrary p in normal coordinates,
derive each identity by pure partial-derivative algebra, and
then promote the result to all coordinates everywhere by
tensoriality. For the first, antisymmetrize Rρ

σµν over its
three lower indices and regroup by which Γ is being differ-
entiated:

Rρ
[σµν] :=

1
6

(︁
Rρ

σµν +Rρ
µνσ +Rρ

νσµ

−Rρ
µσν −Rρ

νµσ −Rρ
σνµ

)︁
= 1

3

(︁
Rρ

σµν +Rρ
µνσ +Rρ

νσµ

)︁
= 1

3

[︁
∂µ(Γ

ρ
νσ − Γρ

σν) + ∂ν(Γ
ρ
σµ − Γρ

µσ)

+ ∂σ(Γ
ρ
µν − Γρ

νµ)
]︁⃓⃓

p
= 0,

where the first line defines the antisymmetrization, the sec-
ond uses antisymmetry of R in its last pair (easy to see from
the definition, especially in normal coordinates) to collapse
the six terms to the cyclic sum, and each bracket on the
third line vanishes by torsion-freeness. Generalizing from
p to everywhere by tensoriality then gives the algebraic
Bianchi identity:

Rρ
[σµν] = 0.
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Now antisymmetrize ∇λR
ρ
σµν over {λ, µ, ν} and regroup

by which Γ is being doubly differentiated:[︁
∇λR

ρ
σµν +∇µR

ρ
σνλ +∇νR

ρ
σλµ

]︁⃓⃓
p

= [∂λ, ∂µ]Γ
ρ
νσ + [∂µ, ∂ν ]Γ

ρ
λσ + [∂ν , ∂λ]Γ

ρ
µσ = 0,

with each commutator vanishing due to equality of mixed
partials. The second Bianchi identity is then:

∇λR
ρ
σµν +∇µR

ρ
σνλ +∇νR

ρ
σλµ = 0.

16.3 Symmetries of the Riemann Tensor

Normal coordinates give a clean proof of the algebraic sym-
metries of Rρσµν = gρλR

λ
σµν . Since ∇g = 0, the covariant

derivative component formula says ∂µgρσ = Γλ
µρgλσ+Γλ

µσgρλ
so that ∂µgρσ

⃓⃓
p
= 0 when Γ(p) = 0. Lowering the first index

of Rλ
σµν

⃓⃓
p
= ∂µΓ

λ
νσ−∂νΓ

λ
µσ and expanding the Levi-Civita

connection coefficients:

Rρσµν

⃓⃓
p
= ∂µΓρνσ − ∂νΓρµσ

= 1
2

(︁
∂µ∂νgρσ + ∂µ∂σgρν − ∂µ∂ρgνσ

)︁
− 1

2

(︁
∂ν∂µgρσ + ∂ν∂σgρµ − ∂ν∂ρgµσ

)︁
= 1

2

(︁
∂σ∂µgρν − ∂ρ∂µgσν

− ∂σ∂νgρµ + ∂ρ∂νgσµ
)︁
,

where the ∂µ∂νgρσ second derivative terms cancel by sym-
metry of mixed partials. Two symmetries are immediate,
both of which hold everywhere by tensoriality. Swapping
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ρ ↔ σ negates the expression (by gρσ = gσρ), giving first-
pair antisymmetry:

Rρσµν = −Rσρµν .

Swapping both pairs simultaneously, (ρσ)↔ (µν), leaves it
unchanged, giving pair symmetry:

Rρσµν = Rµνρσ.

16.4 Contractions and the Einstein Tensor

Several contractions of the Riemann tensor will prove es-
sential in what follows. The Ricci tensor is the trace on
the first and third indices:

Rµν = Rρ
µρν .

It is symmetric and has 10 independent components. Sub-
stituting the Riemann tensor expression in terms of Γ into
Rµν = Rρ

µρν gives a useful explicit formula:

Rµν = ∂ρΓ
ρ
νµ − ∂νΓ

ρ
ρµ + Γρ

ρλΓ
λ
νµ − Γρ

νλΓ
λ
ρµ.

The Ricci scalar is its metric trace: R = gµνRµν . These
combine into the symmetric 10 component Einstein ten-
sor:

Gµν = Rµν − 1
2gµνR.
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The algebraic Bianchi identity is the cyclic sum Rρ
σµν +

Rρ
µνσ+Rρ

νσµ = 0. Isolating the first term and contracting
with gσν gives:

gσνRρ
σµν = −gσνRρ

µνσ − gσνRρ
νσµ.

The RHS first term vanishes since gσν is symmetric in σν
while Rρ

µνσ is antisymmetric in νσ. For the second, lower
ρ, apply antisymmetry in the first pair (Rabcd = −Rbacd),
then pair symmetry (Rabcd = Rcdab):

gσνRρ
νσµ = gρτgσνRτνσµ

= −gρτgσνRντσµ

= −gρτgσνRσµντ

= −gρτRν
µντ = −gρτRµτ = −Rρ

µ.

Therefore gσνRρ
σµν = Rρ

µ. Contracting ρ with λ in the
second Bianchi identity gives ∇ρR

ρ
σµν−∇µRσν+∇νRσµ =

0. Contracting this result with gσν (where ∇σ := gσν∇ν

raises the derivative index by the usual convention) and
inserting gσνRρ

σµν = Rρ
µ then yields:

0 = gσν
(︁
∇ρR

ρ
σµν −∇µRσν +∇νRσµ

)︁
= ∇σRσµ −∇µR+∇σRσµ

= 2∇σRσµ −∇µR.

Relabeling indices gives 2∇µRµν = ∇νR. Since
∇µ(gµνR) = ∇νR, this yields ∇µGµν = 0 where
Gµν = Rµν − 1

2gµνR:

∇µGµν = 0.
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This statement about the Einstein tensor is so far purely ge-
ometric with no physics assumed. Its significance becomes
clear in the Einstein field equations.

The contracted Bianchi identity 2∇µRµν = ∇νR also shows
that Gµν is the unique divergence-free combination of Rµν

and gµν linear in curvature. To see this, note that any such
combination takes the form aRµν + bRgµν . Its divergence
is ∇µ(aRµν + bRgµν) = (a/2+ b)∇νR, which vanishes iden-
tically only when b = −a/2. Up to an overall scale, this
forces Gµν = Rµν − 1

2gµνR.



Part III

Physics

Introduction to Part III

Parts I and II built the geometric language of general rela-
tivity. Part I required only a smooth structure: manifolds,
tensors, differential forms, and the generalized Stokes the-
orem, all without a notion of distance or angle. Part II
added a single object, the metric gµν , from which the en-
tire geometry of the manifold followed without further ar-
bitrary choices: a unique connection, covariant derivatives,
parallel transport, geodesics, and curvature. The Einstein
tensor Gµν emerged from contracting the Riemann tensor,
and the Bianchi identity established ∇µGµν = 0 as a purely
geometric fact.

Part III adds the final ingredient: matter. The energy-
momentum tensor Tµν encodes how matter and energy are
distributed in spacetime. The Einstein field equations then
assert Gµν = 8πGTµν . This is not a definition but a dynam-
ical law. Geometry and matter are not independent. The
distribution of matter determines the curvature, and the
curvature governs how matter moves. The metric, which
Parts I and II treated as given structure on a manifold,
becomes dynamical. It is determined by, and in turn deter-
mines, everything.

61
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17 Physics on Manifolds

The geometric structure of Parts I and II is purely ab-
stract. Connecting it to the physical world requires pos-
tulates that the geometry alone cannot supply. This sec-
tion covers the kinematic postulates: how observers move,
what clocks measure, and how causality is encoded in the
metric. The dynamical postulate, how matter sources the
curvature of spacetime, is deferred to §19, where it appears
as the Einstein field equations.

17.1 The Geodesic Postulate

The equivalence principle states that in any sufficiently
small region of spacetime, the effects of gravity are locally
indistinguishable from those of uniform acceleration. All
bodies fall identically in a gravitational field regardless of
their mass or composition. The geodesic postulate is
its precise geometric formulation: a freely falling massive
particle traces a timelike geodesic of the spacetime metric.
No force acts on it. It simply follows the geometry.
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17.2 Proper Time

A worldline is the curve in spacetime traced by a particle.
The proper time elapsed along a worldline is the time
measured by a clock carried along it:

dτ2 = −gµν dxµ dxν .

This is positive along any timelike curve by the sig-
nature (−,+,+,+). Equivalently, dτ2 = −ds2 where
ds2 = gµν dx

µ dxν is the line element of Part II. Proper
time is that same object, sign-flipped so the arc length is
real and positive along timelike curves. The only new ingre-
dient here is physical interpretation. dτ2 is the coordinate-
independent Lorentzian arc length of the worldline. Two
observers following different worldlines between the same
two events accumulate different proper times regardless of
what coordinate system is used.

It may seem odd that the spatial displacements dxi appear
in a quantity called time. In the rest frame of the clock
(dxi = 0), they vanish. In flat spacetime dτ = dt and the
clock simply reads coordinate time. When the clock moves,
the spatial terms subtract from dt2, giving dτ < dt between
fixed coordinate endpoints. This is time dilation. Moving
clocks tick slower, and the formula captures the effect in
a single invariant. That this arc length is what physical
clocks actually read is the clock hypothesis: an ideal
clock measures the proper time elapsed along its worldline,
regardless of its acceleration. This is an imposed condition
rather than something derived, and its validation is experi-
mental.
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For a freely falling massive particle we write uµ = dxµ/dτ
for the 4-velocity. Its time component u0 = dt/dτ is the
Lorentz factor γ. Since proper time is the Lorentzian
arc length of the worldline, it is given by the standard arc
length integral. Writing ẋµ = dxµ/dt for ordinary deriva-
tives along the worldline:

τ =

� T

0
dt

√︁
−gµν ẋµẋν .

In flat spacetime −gµν ẋµẋν = 1 − v2 where v2 =
∑︁

i(ẋ
i)2,

so τ =
� T
0 dt

√
1− v2, and thus dτ/dt =

√
1− v2, so

γ = dt/dτ = 1/
√
1− v2. A particle at rest has γ = 1.

A moving particle has γ > 1, with the excess above 1 en-
coding kinetic energy per unit rest mass. Switching to τ
as the curve parameter, the arc length integral becomes
τ =

� τ
0 dτ ′

√−gµν uµuν . For this to hold ∀ τ , the inte-
grand must equal 1, giving gµνu

µuν = −1 for any worldline
parametrized by proper time. For a photon the worldline
is null, so dτ = 0 and proper time cannot serve as a pa-
rameter. Instead, one uses an affine parameter λ, and the
tangent pµ = dxµ/dλ satisfies gµνp

µpν = 0.

17.3 Causal Structure

Recall from Part II that the metric partitions tangent
vectors at every point into timelike (g(V, V ) < 0), null
(g(V, V ) = 0), and spacelike (g(V, V ) > 0) classes. In the
physical setting of Part III this classification acquires direct
meaning: timelike vectors describe directions available to
massive particles, null vectors describe directions available
to photons and other massless particles, and no physical
particle travels in a spacelike direction.
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At each point the null vectors form the light cone, whose
walls represent the speed of light barrier. The signature
(−,+,+,+) is what creates this structure: the negative
sign makes one direction geometrically distinct from the
three spatial ones, partitioning tangent vectors into time-
like, null, and spacelike classes. But the light cone has two
halves, loosely “future” and “past,” and the metric alone
cannot distinguish them. A time orientation is a contin-
uous global choice of which half is future at every point. In
adapted coordinates, this amounts to designating the half
with ut > 0 as future-directed at each point. This is an in-
dependent structure, not determined by the metric. With
a time orientation in hand, a future-directed curve is one
whose tangent uµ lies in the future half of the light cone at
every point or, equivalently, ut > 0 in coordinates adapted
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to the orientation. Physical worldlines are required to be
future-directed. This is a postulate, not a theorem. Noth-
ing in the geometry forbids backward-in-time motion. The
restriction is the physical assumption that matter and en-
ergy propagate forward in time.

Together, the metric and the time orientation impose a
causal structure on spacetime. The metric defines the light
cone and the time orientation picks which half is the future.
Which events can influence which others is determined by
whether they can be connected by a future-directed causal
curve.

18 The Energy-Momentum Tensor

18.1 Energy and Momentum in Special Relativity

In Newtonian physics, energy E is a scalar and momentum
p a 3-vector. These are treated as separate quantities with
separate conservation laws: dE

dt = 0 and dp
dt = 0 (for an

isolated system). Special relativity (SR) unifies them. The
4-momentum of a particle of rest mass m is pµ = muµ, with
p0 = E and pi the spatial momentum. For a single particle
this is enough. For a continuous medium, we need to track
the density and flux of this quantity throughout spacetime.

A scalar conserved charge, such as electric charge, is asso-
ciated with a 4-current Jµ where a single index is sufficient
to encode the four directions of flow. This satisfies the con-
servation law ∂µJ

µ = 0. Energy-momentum is already a
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4-vector, so tracking its flow in each spacetime direction
requires a second index. The result is a rank-(2, 0) tensor.
The energy-momentum tensor Tµν is defined as the flux
of the µ-th component of 4-momentum through surfaces of
constant xν . In a local inertial frame:

� T 00: energy density.

� T 0i: energy flux in the xi-direction, equal to the i-th
momentum density (these coincide in SR).

� T ij : flux of the i-th momentum component through
surfaces of constant xj , i.e. stress.

Symmetry Tµν = T νµ follows: T 0i = T i0 is the energy-
flux/momentum-density equality, and T ij = T ji from an-
gular momentum conservation. The SR conservation law is
∂µT

µν = 0, which expands as:

∂t T
00 + ∂i T

i0 = 0,

∂t T
0j + ∂i T

ij = 0.

The first is energy continuity. The second is momentum
continuity for each spatial component.

18.2 Minimal Coupling

To lift this law to curved spacetime, we use the equiva-
lence principle: at any point p of a curved spacetime, one
can choose coordinates in which the metric is ηµν at p and
the Christoffel symbols vanish at p. In this local inertial
frame, spacetime is instantaneously flat and SR holds. Any
law that holds in SR must therefore hold locally in curved
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spacetime. The minimal coupling prescription makes
this systematic: take any SR equation, replace ηµν → gµν ,
and replace partial derivatives ∂µ → ∇µ. The word “min-
imal” means we introduce no additional curvature terms,
such as a coupling ξRTµν , that vanish in flat space but
could in principle appear. We emphasize that, despite its
elegance, there is no “magic” reason that minimal coupling
should be true. Its ultimate validation is an experimental
matter. Applied to energy-momentum conservation:

∇µT
µν = 0.

This is local energy-momentum conservation in curved
spacetime. No global version exists, since integrating a local
conservation law into a global charge requires a background
symmetry to sum over, and a general curved spacetime has
no globally defined time-translation symmetry.

18.3 Perfect Fluids

A perfect fluid has no viscosity and no heat conduction.
It is characterized at each point by three fields: an energy
density ρ, an isotropic pressure p, and a 4-velocity uµ. The
4-velocity is a timelike unit vector. In the rest frame of the
fluid, uµ = (1, 0, 0, 0), where ui = 0 says the fluid has no
spatial motion and u0 = 1 follows from the normalization
uµuµ = g00 = −1.

The energy-momentum tensor is a separate object. In the
rest frame, T 0i = 0. There is no bulk flow (rest frame) and
no heat conduction (perfect fluid), so neither momentum
density nor energy flux are present. The spatial block T ij
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is diagonal with equal entries by isotropy, with the propor-
tionality constant equal to the pressure p. In total:

Tµν = diag(ρ, p, p, p).

To write this covariantly, we need a symmetric (2, 0) tensor
built from the available local data uµ and gµν . The only
symmetric rank-2 tensors constructible from these are uµuν

and gµν , so the general form is

Tµν = αuµuν + β gµν

for scalars α and β. Matching to the rest frame with gµν =
diag(−1,+1,+1,+1) and u0 = 1:

T 00 = α(u0)2 + β g00 = α− β = ρ,

T 11 = β g11 = β = p.

So β = p and α = ρ+ p:

Tµν = (ρ+ p)uµuν + p gµν .

This is the form we will use in the cosmology section, where
the universe is modeled as a perfect fluid. Note also that
Tµν = 0 in a vacuum (the Schwarzschild solution is the
leading example here).
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19 The Einstein Field Equations

Two objects are now in hand. From Part II: the Einstein
tensor Gµν , a symmetric rank-(0, 2) tensor with ∇µGµν =
0 proved as a purely geometric fact. From the previous
section: the energy-momentum tensor Tµν , also symmetric
and rank-(0, 2), with ∇µTµν = 0 established by minimal
coupling. The Einstein field equations assert they are
proportional:

Gµν = 8πGTµν ,

where G is Newton’s gravitational constant. The factor of
8π is not obvious and is fixed by requiring the equations
to reproduce Newtonian gravity in the appropriate limit,
carried out below.

The LHS of the EFE is geometry, and the RHS is mat-
ter. However, this is not a “one-way” statement: Tµν it-
self generally depends on gµν . For example, the perfect
fluid formula Tµν = (ρ+p)uµuν +p gµν makes this explicit,
since gµν appears directly, and lowering indices to obtain
Tµν uses g again. The EFE is therefore a coupled system,
and there is no stage at which one side is fixed and the
other solved. This is the deepest break from special relativ-
ity, where ηµν is a fixed background stage on which matter
moves. In general relativity the stage is dynamical. It is
shaped by the matter on it, and simultaneously governs how
that matter moves. Concretely, the EFE is a system of ten
coupled nonlinear second-order PDEs for the ten indepen-
dent components of gµν . There are ten equations because
gµν is symmetric, second-order because Gµν involves second
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derivatives of g, and nonlinear because the Riemann tensor
contains ΓΓ terms quadratic in first derivatives. The ge-
ometric machinery of Parts I and II makes it possible to
write this system in a single line.

The choice of Gµν on the left is not arbitrary. The right
side Tµν is symmetric and divergence-free; the left side must
match. The Bianchi identity (proved in Part II) already sin-
gles out Gµν . It is the unique divergence-free combination
of Rµν and gµν linear in curvature, as shown there. We
further restrict to terms at most linear in second deriva-
tives of gµν , so that the field equations for the metric are
second-order. This is the standard structure for physical
field equations (Maxwell is second-order in the potential,
Newtonian gravity second-order in Φ). Under this restric-
tion one further freedom remains: a multiple of gµν itself,
which is also divergence-free (∇µgµν = 0 identically). This
is the cosmological constant, addressed below. Despite the
naturalness which is implied by all of these comments, the
EFE is ultimately a postulate, not a derivation. Its valida-
tion is the Newtonian limit and experiment.

19.1 Vacuum Equations

When Tµν = 0, the EFE becomes Gµν = 0. Taking the
metric trace: gµνGµν = −R = 0, so R = 0, and the vacuum
equations reduce to:

Rµν = 0.

Note that this is not strong enough to imply flat spacetime.
Flatness requires Rρ

σµν = 0 while the Ricci tensor is only a
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contraction of the full Riemann tensor. The Schwarzschild
solution satisfies Rµν = 0 everywhere outside its source yet
is unmistakably curved. Light deflects, orbits precess, and
clocks at different radii run at different rates.

19.2 The Newtonian Limit

To fix 8πG, we require that the EFE reproduce Newtonian
gravity when gravity is weak and motion is slow. Write

gµν = ηµν + hµν , |hµν | ≪ 1,

and take the source to be pressureless dust moving slowly,
so T 00 ≈ ρ dominates, where ρ is the mass density in the
rest frame. For non-relativistic matter, kinetic and internal
energies are negligible compared to rest mass energy, so T 00

approximately reduces to the mass density.

The Newtonian potential Φ enters through the geodesic
equation. The equivalence principle says that freely falling
particles follow geodesics. In the slow-motion limit ui ≪ u0,
the spatial components of the geodesic equation give
ẍi ≈ −Γi

00. Comparing to Newton’s second law ẍi = −∂iΦ
requires Γi

00 ≡ ∂iΦ. The Levi-Civita connection formula
from Part II gives Γi

00 = 1
2g

ij(2∂0g0j − ∂jg00). In a static
spacetime the metric has no time dependence, so ∂0gµν = 0
and the first term vanishes. Using gij ≈ δij to first order
in h:

Γi
00 = −1

2δ
ij∂jg00 = −1

2∂
ig00 ≡ ∂iΦ,

so ∂ig00 = −2∂iΦ, giving g00 = −2Φ + C for some con-
stant C. Far from any source Φ → 0 and spacetime
must be flat, so g00 → η00 = −1, fixing C = −1.
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Therefore g00 = −(1 + 2Φ), or equivalently h00 = −2Φ.
The explicit formula for the Ricci tensor (Part II) gives
R00 = ∂ρΓ

ρ
00 − ∂0Γ

ρ
ρ0 + Γ · Γ terms. The ∂0 term vanishes

by the static assumption, and the Γ ·Γ terms are O(h2), i.e.
second order in the perturbation. To first order, then:

R00 = ∂iΓ
i
00 +O(h2) ≈ ∇2Φ.

Taking the trace of the EFE: −R = 8πGT , and in this
limit T = gµνTµν ≈ −ρ, so R ≈ 8πGρ. Substituting into
the (0, 0) component of the EFE yields R00+

1
2R = 8πGρ⇒

R00 = 4πGρ, whence:

∇2Φ = 4πGρ,

which we recognize as Poisson’s equation of Newtonian grav-
ity. The factor 8πG is precisely what makes this work.

The contracted Bianchi identity ∇µGµν = 0, proved in
Part II as a geometric fact, now carries physical con-
tent. The EFE gives immediately ∇µTµν = 0. Energy-
momentum conservation is not an independent postulate
but a consequence of the field equations. The geometry
enforces what the physics requires.
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19.3 The Cosmological Constant

As noted above, restricting to second-order field equations
leaves one remaining freedom: a multiple of gµν itself. In-
cluding it gives the most general EFE consistent with the
symmetry and divergence-free constraints:

Gµν + Λgµν = 8πGTµν .

The term Λgµν is automatically consistent since
∇µ(Λgµν) = 0 identically. Moving it to the right de-

fines a contribution T
(Λ)
µν := −(Λ/8πG)gµν , a perfect

fluid with p = −ρ. Whether Λ belongs to the geometry
or to the matter content is a matter of interpretation.
Observationally, Λ > 0 drives the accelerating expansion
of the universe as we will see below.

20 Killing Fields

In physics, symmetry produces conservation laws. If the
metric components do not depend on some coordinate, say
∂tgαβ = 0, then nothing in the geometry changes as t ad-
vances, and the spacetime has a time-translation symmetry.
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However, this statement depends on the choice of coordi-
nates. A Killing field is the covariant version; it is a
vector field Kµ satisfying Killing’s equation:

∇µKν +∇νKµ = 0.

To see that this is indeed the coordinate-independent state-
ment of metric independence, take K = ∂σ where σ is a
fixed coordinate, so Kµ = δµσ and Kν = gνσ. Expanding
∇µKν = ∂µgνσ − Γλ

µνgλσ and symmetrizing:

∇µKν +∇νKµ = ∂µgνσ + ∂νgµσ − 2Γλ
µνgλσ.

Substituting the Levi-Civita connection formula from
Part II and using gλρgλσ = δρσ:

Γλ
µνgλσ = 1

2g
λρgλσ(∂µgνρ + ∂νgµρ − ∂ρgµν)

= 1
2(∂µgνσ + ∂νgµσ − ∂σgµν).

Substituting back:

∇µKν +∇νKµ = ∂µgνσ + ∂νgµσ

− (∂µgνσ + ∂νgµσ − ∂σgµν) = ∂σgµν .

Killing’s equation forK = ∂σ is therefore exactly ∂σgµν = 0,
which shows that the metric is independent of xσ. Because
Killing’s equation is a tensor equation, our above example
can be generalized to all coordinate systems. It captures
the same symmetry without requiring coordinates adapted
to it.
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The conserved quantity follows. Let uµ = dxµ/dλ be the
tangent to a geodesic. Then:

D

dλ
(Kµu

µ) = uν∇ν(Kµu
µ) = uµuν∇νKµ +Kµ u

ν∇νu
µ.

The second term vanishes by the geodesic equation
uν∇νu

µ = 0. For the first, symmetrize in µ and ν:

uµuν∇νKµ = 1
2 u

µuν(∇µKν +∇νKµ) = 0,

using Killing’s equation. Therefore:

Kµu
µ is constant along any geodesic.

The result has a clean interpretation: a Killing field is a
direction the metric cannot see, and every freely falling
particle carries a conserved quantity for each such symme-
try of the spacetime. This is the Riemannian analogue of
Noether’s theorem. Each continuous symmetry of the met-
ric produces a conserved charge along geodesics. As we will
soon see, the Schwarzschild metric has two Killing fields, ∂t
and ∂ϕ, and the corresponding conserved quantities are the
energy and angular momentum of a freely falling particle.
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21 Black Holes

21.1 Spherical Symmetry and Birkhoff’s Theorem

Spherical symmetry is the simplest physically meaningful
constraint one can impose on a solution to the EFE. The
most general metric possessing spherical symmetry can be
written, in suitable coordinates, as

ds2 = −e2α(t,r)dt2 + e2β(t,r)dr2 + r2 dΩ2,

where dΩ2 = dθ2+sin2θ dϕ2 is the round metric on the unit
2-sphere, for two unknown functions α and β. Inserting the
Christoffel symbols (computed from the Levi-Civita connec-
tion formula) into Rµν = ∂ρΓ

ρ
νµ−∂νΓ

ρ
ρµ+Γρ

ρλΓ
λ
νµ−Γρ

νλΓ
λ
ρµ

yields four nontrivial components:

Rtt = e2(α−β)
[︂
α′′ + (α′)2 − α′β′ + 2α′

r

]︂
−
[︂
β̈ + (β̇)2 − α̇β̇

]︂
,

Rrr = −α′′ − (α′)2 + α′β′ + 2β′

r

+ e2(β−α)
[︂
β̈ + (β̇)2 − α̇β̇

]︂
,

Rtr =
2β̇

r
,

Rθθ = e−2β
[︁
r(α′ − β′) + 1

]︁
− 1,

where primes denote ∂r and dots ∂t. The vacuum condition
Rµν = 0 requires each of these to vanish. Setting Rtr = 0
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gives immediately β̇ = 0, so β = β(r) only. With β̇ = 0,
the Rtt and Rrr equations reduce to:

α′′ + (α′)2 − α′β′ + 2α′

r = 0,

−α′′ − (α′)2 + α′β′ + 2β′

r = 0.

Adding these two equations gives 2
r (α

′ + β′) = 0, whence
α+β = f(t) for some function of t alone. Since α = f(t)−β,
the metric reads −e2f(t)e−2βdt2+ e2βdr2+ r2 dΩ2. Redefin-
ing the time coordinate dt̃ 2 := e2f(t)dt2 absorbs the time-
dependent factor, leaving −e−2βdt̃ 2 + e2βdr2 + r2 dΩ2. In
the new coordinate the metric has α = −β. The remaining
equation is Rθθ = 0, which becomes

e−2β(1− 2rβ′) = 1,

which rearranges to

d

dr

[︂
r e−2β

]︂
= 1,

which integrates to e−2β = 1−rs/r for a constant of integra-
tion rs, where we choose the sign to be negative for reasons
that will be clear in the next subsection. Since α = −β,
we have e2α = 1 − rs/r as well. The metric is static (no
t-dependence in any component, no dt dr cross terms) and
uniquely determined by rs. This is Birkhoff’s theorem:
spherical symmetry alone forces the vacuum solution to be
static. A pulsating but spherically symmetric star has the
same exterior geometry as a static one. Note that the met-
ric is a vacuum EFE Rµν = 0 solution by construction,
having been derived directly from those equations.
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21.2 The Schwarzschild Metric

A black hole is a region of spacetime from which no future-
directed causal curve escapes to any point outside the re-
gion. The boundary of that region is the event horizon.
The Schwarzschild metric describes the unique spherically
symmetric vacuum geometry outside such an object. By
Birkhoff’s theorem, the exterior is the same regardless of
how the black hole formed or what collapsed to produce
it. The mass M is the only parameter — the geometry
carries no other information about the source. Inside the
horizon, as we will see, the causal structure of the metric
forces every future-directed worldline toward the singular-
ity. The impossibility of escape is not a matter of speed
but of geometry.

The spherically symmetric metric determined by Birkhoff’s
theorem is called the Schwarzschild metric:

ds2 = −
(︂
1− rs

r

)︂
dt2 +

(︂
1− rs

r

)︂−1
dr2 + r2 dΩ2,

where rs = 2GM is the Schwarzschild radius. The con-
stant M is the mass of the source, identified by compari-
son with the Newtonian limit of §19. The metric satisfies
Rµν = 0 for all r > 0.

Recall from §17 that proper time τ is the time measured
by a clock carried along a worldline. For a static observer
in Schwarzschild spacetime (dr = dθ = dϕ = 0), this gives
dτ =

√︁
1− rs/r dt. The coordinate time t is the time reg-

istered by a clock at r →∞. A static clock at finite r > rs
runs slow by the factor

√︁
1− rs/r. At r = rs the factor

vanishes, so dτ = 0, and time appears to freeze here, a
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pathology explained below. For r < rs the factor is nega-
tive and dτ2 < 0 for any static trajectory. This means such
trajectories are spacelike, and there are no static observers
inside the horizon at all (this is also addressed below).

21.3 Energy and Angular Momentum

The metric is independent of both t and ϕ, so by §20, ∂t
and ∂ϕ are Killing fields. For any geodesic, spherical sym-
metry allows us to rotate coordinates so that both the
initial position and initial tangent vector lie in the equa-
torial plane θ = π/2. The map θ → π − θ is a reflec-
tion of the sphere through the equatorial plane, and it is
a symmetry of the Schwarzschild metric. Applying it to
our geodesic produces another curve with the same initial
position and tangent vector. By uniqueness of geodesics,
the two curves must be identical, so the geodesic stays in
the plane θ = π/2. To compute the conserved charges asso-
ciated with our Killing fields, consider a timelike geodesic
with tangent uµ = dxµ/dτ (we include a conventional mi-
nus sign in the definition of E to ensure positive energy):

E = −(∂t)µ uµ = −gµν(∂t)ν uµ = −gµνδνt uµ

= −gtt
dt

dτ
=

(︂
1− rs

r

)︂ dt

dτ
,

L = (∂ϕ)µ u
µ = gϕϕ

dϕ

dτ
= r2

dϕ

dτ
.

E and L are the energy and angular momentum per unit
mass, conserved along any geodesic. E is the product of
the Lorentz factor γ = dt/dτ and the factor (1−rs/r) from
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gtt, which encodes depth in the gravitational field. The
first grows as the particle moves faster. The second shrinks
as the particle falls deeper. Their product is conserved:
kinetic energy gained equals gravitational potential energy
lost, just as in Newtonian mechanics. L = r2 dϕ/dτ is the
GR analogue of the Newtonian angular momentum r2ϕ̇,
with L = 0 for purely radial motion. Both are conserved
because of the symmetries of the metric, exactly as in §20.

21.4 Redshift

Gravitational redshift follows from the same Killing field
applied to a photon. A photon travels on a null geodesic.
Since dτ = 0, it must be parametrized by an affine pa-
rameter λ instead. Its tangent vector pµ = dxµ/dλ is the
photon 4-momentum. Because it travels on a geodesic, the
Killing field conservation law applies, giving the conserved
quantity (∂t)µp

µ = −(1 − rs/r) p
t ≡ −ε. A static observer

at radius r has no spatial motion, so uµobs = (ut, 0, 0, 0).
The proper time normalization condition gµνu

µuν = −1 re-
duces to gtt(u

t)2 = −1, and since gtt = −(1 − rs/r), we
get ut = (1 − rs/r)

−1/2. In the observer’s local rest frame,
uµobs = (1, 0, 0, 0) and the metric is locally ηµν . The photon
4-momentum is pµ = (E, p⃗), so −pµuµobs = −pt = E, us-
ing pt = ηttp

t = −E from the signature. The contraction
projects the 4-momentum onto the observer’s time direc-
tion, picking out the energy. It’s clear that −gµνpµuνobs is a
scalar, since a full contraction of tensors takes the same
numerical value in every coordinate system. Because it
equals E in the rest frame, it equals E in every frame.
Since frequency is proportional to energy via E = hf ,
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the observed frequency of the photon is proportional to
−gµνpµuνobs. Evaluating with our static observer:

−gµνpµuνobs = −gttptutobs
= (1− rs/r) · pt · (1− rs/r)

−1/2

=
ε√︁

1− rs/r
,

so the observed frequency is proportional to ε/
√︁
1− rs/r.

Since ε is the same constant at emission and reception, the
ratio of observed to emitted frequency is:

fo
fe

=

√︄
1− rs/re
1− rs/ro

,

where re is the radius of emission and ro the radius of ob-
servation. A photon climbing outward (re < ro) arrives red-
shifted (fo < fe). As re → rs, the ratio tends to zero. The
photon’s frequency as measured by any outside observer
vanishes and no signal from the horizon is ever received.

21.5 Light Deflection

A photon passing close to a massive body is deflected from
its straight-line path. We can compute the deflection an-
gle for a null geodesic in Schwarzschild spacetime. By the
same symmetry argument as in §21.3, we may restrict to
the equatorial plane θ = π/2. As in §21.4, the photon is
parametrized by an affine parameter λ, and its tangent vec-
tor is pµ = dxµ/dλ, with non-zero components pt = dt/dλ,
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pr = dr/dλ, pϕ = dϕ/dλ. The null condition gµνp
µpν = 0

is then evaluated by substituting the Schwarzschild metric
components gtt = −(1−rs/r), grr = (1−rs/r)

−1, gϕϕ = r2,
giving:

−
(︂
1− rs

r

)︂
(pt)2 +

(︂
1− rs

r

)︂−1
(pr)2 + r2(pϕ)2 = 0.

Using the Killing conserved quantities ε = (1−rs/r) p
t and

L = r2 pϕ, and defining the impact parameter b = L/ε,
substitution gives:

(pr)2 = ε2
[︃
1− b2

r2

(︂
1− rs

r

)︂]︃
.

To find the shape of the trajectory r(ϕ), we eliminate λ by
noting that the chain rule applied to r(ϕ(λ)) gives pr =
pϕ(dr/dϕ), so (pr)2 = (pϕ)2(dr/dϕ)2 = (L2/r4)(dr/dϕ)2 =
(ε2b2/r4)(dr/dϕ)2, and thus:(︃

dr

dϕ

)︃2

=
r4

b2
− r2 + rsr.

Now substitute u = 1/r, so dr/dϕ = −(1/u2) du/dϕ, and:(︃
du

dϕ

)︃2

=
1

b2
− u2 + rsu

3.

Differentiating each side with respect to ϕ and dividing by
2 du/dϕ gives:

d2u

dϕ2
+ u =

3

2
rs u

2.
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In the flat spacetime limit (i.e. when M → 0 and there-
fore rs = 2GM → 0), the right-hand side vanishes, leaving
u′′ + u = 0, with solution u0 = 1

b sinϕ, i.e. r = b/ sinϕ, a
horizontal straight line at perpendicular distance b from the
origin. For the full GR equation, we substitute u = u0+u1
where u1 is a small correction of order rs. Keeping only
first-order terms gives the equation for the correction:

u′′1 + u1 =
3
2rsu

2
0 =

3rs
2b2

sin2ϕ =
3rs
4b2

(1− cos 2ϕ).

This is a driven harmonic oscillator with solution:

u1 =
rs
2b2

(1 + cos2ϕ).

The full solution is u = u0+u1 =
1
b sinϕ+

rs
2b2

(1+cos2ϕ). In
asymptotic terms, the photon travels from u = 0 at ϕ = 0
(incoming) to u = 0 at ϕ = π + δϕ/2 (outgoing), where
δϕ/2 is the deviation from the flat-space asymptote on the
outgoing side. By symmetry the incoming leg contributes
an equal δϕ/2, for a total deflection δϕ. Setting u = 0 at
ϕ = π + δϕ/2 and substituting into the full solution:

0 =
1

b
sin

(︃
π +

δϕ

2

)︃
+

rs
2b2

(︃
1 + cos2

(︃
π +

δϕ

2

)︃)︃
.

Expanding to first order in δϕ and rs, and using sin(π +
δϕ/2) ≈ −δϕ/2 and cos2(π + δϕ/2) ≈ 1, we obtain:

0 = −δϕ/2

b
+

rs
b2
,
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whence δϕ/2 = rs/b, giving

δϕ =
2rs
b

=
4GM

b
,

twice the value obtained from a Newtonian calculation
treating light as a particle. This was confirmed by Edding-
ton’s measurement of starlight deflection during the 1919
solar eclipse.

21.6 The Event Horizon and the Singularity

At r = rs, the Schwarzschild coordinates break down:
gtt = 0 and grr → ∞. To determine whether
this is a genuine curvature singularity, one inspects a
coordinate-independent quantity. The Kretschmann
scalar K = RµνρσR

µνρσ for the Schwarzschild solution eval-
uates to:

K =
48G2M2

r6
.

At r = rs this is finite, which means the geometry is
regular there. The apparent singularity is an artifact of
the coordinate system. A change of coordinates, such as
Eddington-Finkelstein or Kruskal-Szekeres, covers the man-
ifold smoothly through r = rs.

The surface r = rs is the event horizon, a null surface. Ra-
dial outgoing light emitted exactly at r = rs stays there,
neither escaping nor falling in. For r < rs, the metric com-
ponents gtt and grr exchange signs. gtt becomes positive
and grr negative, so r is now the timelike coordinate and t
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spacelike. This is not a metaphor. Outside the horizon you
can remain stationary in r and move forward in t. Inside,
r plays the role t played outside. Just as you cannot avoid
moving forward in time, you cannot avoid moving toward
smaller r. Every future-directed causal curve inside the
horizon points toward decreasing r. Escape is impossible.
It would require moving backward in the timelike direction,
which is causally forbidden by the same logic that forbids
moving backward in time. Outside the horizon, the impos-
sibility of moving backward in time is a postulate. We im-
pose ut > 0 as the time orientation, and physical worldlines
must respect it. Inside, the same time orientation, extended
smoothly through the horizon, designates decreasing r as
the future direction. The geometry has squeezed the future
light cone so that it points entirely toward smaller r. The
direction of increasing r is not merely forbidden but space-
like. It has ceased to be a timelike direction at all. The
horizon is the precise surface where “outward” stops being
a meaningful notion for a future-directed curve.

The behavior of radial null geodesics makes this clear. Set-
ting ds2 = 0 in the Schwarzschild metric and, for simplicity,
dΩ2 = 0:

0 = −
(︁
1− rs

r

)︁
dt2 +

(︁
1− rs

r

)︁−1
dr2.

The coordinate velocity of radial light is then:

dr

dt
= ±

(︂
1− rs

r

)︂
.

The factor (1 − rs/r) determines everything. Outside the
horizon it is positive and the light cone opens in the direc-
tion of increasing time, as usual. At r = rs it vanishes.
Both branches give dr/dt = 0, and outgoing light makes no
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radial progress in coordinate time. Inside (1 − rs/r) < 0,
the + branch now gives dr/dt < 0, and both null rays move
toward smaller r. The sign flip at r = rs is the entire mech-
anism.

An external observer watching an infalling body sees it slow,
redshift, and asymptotically freeze at the horizon, but not
linger there visibly. The slowing is a coordinate effect. In
Schwarzschild coordinates, successive events near the hori-
zon are stretched over ever-longer intervals of coordinate
time t, so the body appears to decelerate as it approaches
rs. The redshift drops the energy of each arriving pho-
ton exponentially, and the rate of arrival drops too. The
body fades to invisibility on a very short timescale. The
infalling observer, meanwhile, crosses the horizon in finite
proper time and notices nothing locally special at r = rs.
At r = 0, the Kretschmann scalar diverges. This is a gen-
uine curvature singularity. Geodesics reaching r = 0 cannot
be extended; the spacetime is geodesically incomplete.
In general relativity, singularities are defined by this incom-
pleteness rather than by any coordinate pathology. The
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singularity at r = 0 is not a location in space but a mo-
ment in the future of every interior worldline as inevitable
as tomorrow.

21.7 Black Hole Categorization

A black hole is not simply a very massive object. Every
massive object has a Schwarzschild radius rs = 2GM , and
any matter compressed to a size smaller than its own rs is
a black hole. There is nothing else to it. A star of mass
M and a black hole of the same mass produce identical
gravitational fields in their exteriors. A distant observer
cannot distinguish them by any gravitational measurement.
What makes a black hole different is purely structural. All
the mass lies within rs, the Schwarzschild metric holds all
the way to r = 0, and the causal structure forbids any
signal from escaping. The horizon is the defining feature,
not the mass.

The Schwarzschild solution describes a black hole that is un-
charged and non-rotating. Two exact generalizations are
known. The Reissner-Nordström metric describes a
charged, non-rotating black hole, parameterized by mass
M and electric charge Q. The Kerr metric describes an
uncharged, rotating black hole, parameterized by M and
angular momentum J . It reduces to Schwarzschild when
J = 0. The fully general case, with both charge and rota-
tion, is the Kerr-Newman metric, parameterized by M ,
Q, and J .

The no-hair theorem states that these three parame-
ters are the only ones needed. Any black hole that forms
from gravitational collapse, regardless of the complexity of
the initial matter distribution, settles into a Kerr-Newman
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state. All other information about the collapsing matter is
lost to an outside observer. A black hole has no hair.

22 Cosmology

22.1 The Cosmological Principle

On sufficiently large scales, the universe is isotropic at every
point. The metric looks the same in every direction from
every location. This imposed requirement, the cosmologi-
cal principle, severely constrains the metric. Isotropy at
a point p means the spatial metric at p is symmetric un-
der the action of SO(3), the rotation group in three spatial
dimensions.

The sectional curvature of a 2-plane Π ⊂ TpM spanned
by vectors u, v is:

K(Π) :=
Rijkl u

ivjukvl

(γikγjl − γilγjk)uivjukvl
,

where γij is the metric on the 3-dimensional spatial section
and ui, vj are the components of the spanning vectors. The
denominator is |u|2|v|2(1 − cos2 θ) = |u|2|v|2 sin2 θ, where
θ is the angle between u and v. This is the squared area
of the parallelogram spanned by u and v, which normal-
izes K so that it is independent of the choice of spanning
vectors. The numerator equals ⟨R(u, v)v, u⟩ for any u, v,
where R(u, v) = [∇u,∇v] is the curvature operator from
Part II. For orthonormal u, v the denominator is 1 and



90 Physics

K = ⟨R(u, v)v, u⟩ directly. Recall that R(u, v) measures
the failure of parallel transport around an infinitesimal loop
with sides in the directions u and v. Parallel transporting
any vector w around that loop returns it with a deviation of
R(u, v)w from its original orientation. The sectional curva-
ture K(Π) is the component of this rotation acting within
Π. It measures how much v rotates toward u. On a flat
space R(u, v) = 0 everywhere, so K = 0. On a general
manifold K varies across both points and planes.

Since any rotation in SO(3) can carry any 2-plane to any
other, every 2-plane at p has the same sectional curvature.
Isotropy at p reduces it to a single number K(p). It is
not obvious that K must be the same at every point. The
argument has two stages: first, isotropy forces the Riemann
tensor into a specific algebraic form. Then the contracted
Bianchi identity forces K to be constant.

Isotropy at p forces a specific form on the Riemann tensor
at p. Taking p fixed for the moment, define Tijkl := Rijkl−
K(p)(γikγjl − γilγjk), where all quantities are evaluated at
p. Since every 2-plane at p has curvature K(p), we have
Tijklu

ivjukvl = 0 ∀u, v ∈ TpM . This does not immediately
imply T = 0, since contractions of the form uivjukvl are a
restricted class (not all possible index combinations). The
algebraic Bianchi identity, however, allows us to upgrade
this to Tijklu

ivjwkzl = 0 ∀ independent u, v, w, z, which
does imply T = 0. The γ-combination shares three symme-
tries with Rijkl, so T inherits them: pair-swap Tijkl = Tklij ,
antisymmetry in the last pair Tijkl = −Tijlk, and the alge-
braic Bianchi identity Ti[jkl] = 0. Three steps now reduce
T to zero:

1. Substitute u→ u+w: expanding Tijkl(u
i+wi)vj(uk+

wk)vl = 0 and canceling the vanishing T (·, v, ·, v)
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terms leaves Tijklu
ivjwkvl + Tijklw

ivjukvl = 0. Pair-
swap makes both terms equal, so Tijklu

ivjwkvl = 0.

2. Substitute v → v+z in the result of step 1: expanding
and canceling the vanishing terms gives

Tijklu
ivjwkzl + Tijklu

izjwkvl = 0

so T (u, v, w, z) = −T (u, z, w, v).

3. The algebraic Bianchi identity gives T (u, v, w, z) +
T (u,w, z, v)+T (u, z, v, w) = 0. Applying the result of
step 2: T (u,w, z, v) = −T (u, v, z, w) = T (u, v, w, z)
(last step by antisymmetry in the last pair); simi-
larly T (u, z, v, w) = −T (u, z, w, v) = T (u, v, w, z). So
3T (u, v, w, z) = 0, whence T = 0.

So Rijkl = K(p)(γikγjl − γilγjk): isotropy forces the Rie-
mann tensor into this form at each point. We now contract
to find the Einstein tensor. The Ricci tensor Rjl = γikRijkl

gives:

Rjl = Kγik(γikγjl − γilγjk)

= K(3 γjl − δkl γjk) = 2Kγjl.

The Ricci scalar and Einstein tensor follow immediately:

R = γjlRjl = 6K,

Gij = Rij − 1
2Rγij = 2Kγij − 3Kγij = −Kγij .

Since∇iGij = 0, proved in Part II from the Bianchi identity,
and ∇iγij = 0:

0 = ∇iGij = −(∂iK)γij = −∂jK.
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So ∂jK = 0 at every point, i.e. K is the same constant
everywhere. This is Schur’s theorem. Simply-connected
3-manifolds of constant sectional curvature are classified
by the sign of K. The magnitude can always be normal-
ized away by rescaling the spatial coordinates r → r/

√︁
|K|,

leaving only k ∈ {+1, 0,−1}. The sign of K has a direct
reading from the definition K ∝ ⟨R(u, v)v, u⟩. It tells you
which way R(u, v)v (the deviation that v picks up from the
curvature in the u-v plane) points relative to u. If K > 0,
the deviation has a component toward u. This means the
space folds inward and initially parallel geodesics converge.
If K < 0, the deviation points away, which means the space
opens up and geodesics diverge. If K = 0, there is of course
no deviation. These cases are conventionally called spheri-
cal, hyperbolic, and flat spatial sections.

22.2 The FLRW Metric

The previous subsection established that the spatial sec-
tions have constant sectional curvature k ∈ {+1, 0,−1}.
We now derive the coordinate form of the metric from this
constraint. Isotropy forces the spatial metric to be spheri-
cally symmetric. Define r as the area-radius, so the angu-
lar part is exactly r2 dΩ2 by convention. The most general
spherically symmetric Riemannian 3-metric is then

dσ2 = B(r) dr2 + r2 dΩ2

for some B(r) to be determined. There are two independent
sectional curvatures: Krθ for a radial-angular 2-plane, and
Kθϕ for a purely tangential 2-plane. For the radial curva-
ture, take u = ∂r, v = ∂θ as spanning vectors. The numer-
ator Rijklu

ivjukvl collapses to Rrθrθ, and the denominator
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(γikγjl − γilγjk)u
ivjukvl to grrgθθ − g2rθ = grrgθθ, since the

metric is diagonal. So Krθ = Rrθrθ/(grrgθθ). The Christof-
fel symbols can be computed directly from the metric, from
which Rrθrθ = rB′/(2B) and therefore Krθ = B′/(2rB2).
Following a similar procedure for the tangential curvature,
taking u = ∂θ, v = ∂ϕ, one finds Kθϕ = (1−B−1)r−2.

Setting Kθϕ ≡ k gives B(r) = (1 − kr2)−1, and one
then checks that Krθ = B′/(2rB2) = k as well (with
B′ = 2krB2). The spatial metric with constant sectional
curvature k is therefore:

dσ2 =
dr2

1− kr2
+ r2 dΩ2.

The cosmological principle fixes the spatial geometry at
each moment of time to be of this form, but allows the over-
all scale to vary. A time-dependent conformal factor a(t)2

stretches or compresses the spatial sections uniformly with-
out changing their curvature type. Observers to whom the
universe looks isotropic, i.e. observers at rest with respect
to the expansion with fixed spatial coordinates (r, θ, ϕ), are
called comoving. They measure proper time t, called
cosmic time. Assembling these gives the Friedmann-
Lemâıtre-Robertson-Walker (FLRW) metric:

ds2 = −dt2 + a(t)2
[︃

dr2

1− kr2
+ r2 dΩ2

]︃
.

The scale factor a(t) encodes how physical distances
evolve, with the proper distance between any two comov-
ing points scaling as a(t). Conventionally a(t0) ≡ 1 at
the present time t0. This recession is not motion through
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space, but rather the stretching of space itself. A comoving
observer has no peculiar velocity. They are simply carried
along as the spatial sections expand. The cosmological prin-
ciple fixes the form of the metric, and the requirement that
it solves the EFE then imposes additional constraints on
a(t), which we derive in the next subsection.

22.3 The Friedmann Equations

Cosmological matter and radiation are modeled as a perfect
fluid, so Tµν = (ρ+p)uµuν +pgµν . For comoving observers
uµ = (1, 0, 0, 0), the mixed components are simply:

Tµ
ν = diag(−ρ, p, p, p).

The connection coefficients can be computed directly. For
Γ0
ij , for example, the definition gives

Γ0
ij =

1
2g

00(∂igj0 + ∂jgi0 − ∂0gij)

= 1
2(−1)(0 + 0− 2aȧ γij) = aȧ γij .

The factor γij survives because it is the time-independent
part of gij = a(t)2γij . Similarly, one finds:

Γi
0j =

1
2g

ik ∂tgjk = 1
2 ·

γik

a2
· 2aȧ γjk =

ȧ

a
δij .

The spatial Christoffels Γi
jk of γij could also of course be

computed directly, but for our purposes we only need the
Riemann tensor of γij , which satisfies R̃ijkl = k(γikγjl −
γilγjk) as established in §22.1. Inserting everything into the
Riemann formula, the nonzero contributions to R0

0 come
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from ∂tΓ
i
i0 and the product Γi

0jΓ
j
i0 (with factors of 3 arising

from the sum over three spatial dimensions):

R00 = −3 ∂t
(︁
ȧ
a

)︁
− 3

(︁
ȧ
a

)︁2
= −3

(︂
ä
a −

(︁
ȧ
a

)︁2)︂− 3
(︁
ȧ
a

)︁2
= −3 ä

a
,

and raising with g00 = −1 gives R0
0 = 3ä/a.

For Ri
j , the Riemann contraction splits as Ri

j = R0
i0j +

Rk
ikj . The first term involves ∂tΓ

i
0j and products of Γi

0j ,

giving the ä/a and (ȧ/a)2 pieces. The second involves the
spatial block R̃k

ikj = R̃ij , which was computed in §22.1:
R̃ij = 2kγij . This contributes 2k/a2 δij after raising with

gik = γik/a2:

Ri
j =

[︄
ä

a
+ 2

(︃
ȧ

a

)︃2
]︄
δij +

2k

a2
δij =

[︄
ä

a
+ 2

(︃
ȧ

a

)︃2

+
2k

a2

]︄
δij .

The Ricci scalar R = Rµ
µ follows by tracing:

R = 6

[︄
ä

a
+

(︃
ȧ

a

)︃2

+
k

a2

]︄
.

The Einstein tensor Gµ
ν = Rµ

ν − 1
2δ

µ
νR then gives:

G0
0 = −3

[︄(︃
ȧ

a

)︃2

+
k

a2

]︄
,

Gi
j = −

[︄
2
ä

a
+

(︃
ȧ

a

)︃2

+
k

a2

]︄
δij .
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Applying the EFE with cosmological constant, Gµ
ν +

Λδµν = 8πGTµ
ν , the 00 component gives the first Fried-

mann equation directly:

(︃
ȧ

a

)︃2

=
8πG

3
ρ− k

a2
+

Λ

3
.

The spatial component gives −[2ä/a+(ȧ/a)2+k/a2]+Λ =
8πGp, which still contains (ȧ/a)2 and k/a2. Substituting
(ȧ/a)2 + k/a2 = 8πGρ/3 +Λ/3 from the first equation and
rearranging yields the acceleration equation:

ä

a
= −4πG

3
(ρ+ 3p) +

Λ

3
.

These are the conditions that a(t) must satisfy for the
FLRW metric to be a solution of the Einstein field equa-
tions. The cosmological principle fixes the form of the met-
ric. The EFE then constrain how the scale factor evolves.

Covariant conservation ∇µT
µν = 0 holds in any solution to

the EFE, as established in §19. Applying it to the FLRW
case, the covariant divergence ∇µT

µ
ν = 0 for ν = 0 reads:

∂0T
0
0 + Γµ

µ0T
0
0 − Γi

j0T
j
i = 0.
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With Tµ
ν = diag(−ρ, p, p, p), isotropy killing spatial gra-

dients, and Γi
i0 = ȧ/a, this becomes −ρ̇ − 3(ȧ/a)ρ −

3(ȧ/a)p = 0, giving the continuity equation:

ρ̇+ 3
ȧ

a
(ρ+ p) = 0.

The three equations are not independent. Conservation is
already encoded in the geometry, so the continuity equation
follows from the Friedmann and acceleration equations and
does not add new information. The Friedmann equation
and the continuity equation together determine the evolu-
tion of a(t) once p is specified as a function of ρ.

22.4 Equation of State and Cosmic Expansion

The Friedmann and continuity equations relate three un-
knowns: a, ρ, and p. To close the system, one typically
specifies how pressure relates to energy density. This is
a constitutive relation that encodes the empirical material
properties of whatever fills the universe. The isotropy of
FLRW forces both ρ and p to depend only on t. If either
varied spatially, its gradient would define a preferred spa-
tial direction, contradicting isotropy. We therefore see that
p is parametrically related to ρ through their common time
dependence. The simplest such relation is linear, so a clas-
sic choice for the equation of state p(ρ) is p ≡ wρ, where
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w is a constant characterizing how much pressure a sub-
stance generates per unit energy density. Substituting into
the continuity equation:

ρ̇

ρ
= −3(1 + w)

ȧ

a
,

which integrates to ρ ∝ a−3(1+w). Three cases cover the
main constituents of the universe:

� Pressureless matter (w = 0): ρ ∝ a−3. Energy
density dilutes inversely with volume, the expected
behavior for non-relativistic particles.

� Radiation (w = 1
3): ρ ∝ a−4. One power beyond

volume dilution accounts for the redshifting of each
photon’s energy as space expands.

� Cosmological constant (w = −1): ρ = const. Mov-
ing Λ to the right-hand side of the EFE identifies an
effective energy density ρΛ = Λ/8πG (established in
§19), which is a fixed constant of nature, not carried
by particles. As space expands, each new region car-
ries the same ρΛ, so it does not dilute.

Spatial flatness k = 0 is not assumed but observed. Mea-
surements of the temperature anisotropies of the cosmic mi-
crowave background (CMB) constrain the spatial curvature
to be consistent with zero to high precision. This is a state-
ment about the large-scale geometry of the universe, not
local curvature (spacetime is of course highly curved near
black holes, stars, and galaxies). We take k = 0 henceforth.
Each constituent is then solved for in isolation (setting the
others to zero). For w = 0 and w = 1

3 , one sets Λ = 0.
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For w = −1, ρ = const so the Friedmann equation gives
ȧ/a =

√︁
Λ/3 = const, whence exponential growth:

a(t) ∝

⎧⎪⎨⎪⎩
t2/3 (w = 0, Λ = 0),

t1/2 (w = 1
3 , Λ = 0),

e
√

Λ/3 t (w = −1).

With Λ = 0, matter and radiation both decelerate expan-
sion. The acceleration equation gives ä < 0 whenever
ρ + 3p > 0, i.e. w > −1

3 . A positive Λ adds a compet-
ing +Λ/3 term to ä/a, which can reverse the deceleration
and drive exponential expansion.

The reason Λ is included here is observational. Measure-
ments of Type Ia supernovae in 1998 established that the
universe’s expansion is accelerating: ä > 0. The accelera-
tion equation requires ρ + 3p < 0 for this, which no com-
bination of ordinary matter or radiation can provide. A
positive Λ, however, can lead to positive acceleration. As
matter and radiation dilute away with expansion, the Λ/3
term in the Friedmann equation remains constant and even-
tually dominates, locking in exponential growth. Whether
Λ represents a geometric property of spacetime or a physi-
cal energy density of the vacuum is an open question. As
a matter contribution, it goes by the name dark energy.
Either way, Λ > 0 is the simplest model consistent with
observation.

The Hubble parameter H(t) = ȧ/a measures the
instantaneous rate of expansion. Its present value
H0 ≈ 67 km s−1Mpc−1 is the Hubble constant. For a
comoving object at coordinate r, the proper distance is
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D = a(t) r (using k = 0, so the spatial metric is flat and r
is the Euclidean radial coordinate). Differentiating:

Ḋ = ȧ r =
ȧ

a
· a r = HD.

Recession velocity is proportional to proper distance. At
the present epoch this is Hubble’s law, v = H0D. No
peculiar motion is assumed: the recession is expansion of
the space between observers, not motion through it.

Not everything expands. The FLRW metric describes the
universe on scales large enough that matter is distributed
homogeneously. On smaller scales, local gravitational and
electromagnetic binding overwhelms the cosmological ex-
pansion entirely. Solar systems, galaxies, and even galaxy
clusters are held together by forces that dominate locally.
They do not participate in the expansion. It is only on the
scale of the separation between galaxy clusters and beyond
that the expansion is the dominant effect, and comoving
coordinates faithfully track physical separations.



Part IV

Appendices

Introduction to the Appendices

Parts I, II, and III tell a single story: from smooth mani-
folds to the Einstein field equations. The appendices run
a parallel track which develops certain aspects of classical
field theory in curved spacetime more generally.

§A.1 develops the covariant action principle in full general-
ity: the canonical volume form, the Christoffel trace iden-
tity, and the covariant Euler-Lagrange equations, with the
Klein-Gordon field as a concrete example. §A.2 applies this
framework to classical electrodynamics, using the Hodge
star to write Maxwell’s equations in differential forms no-
tation and verify they reproduce the classical equations in
curved spacetime. §A.3 derives the Einstein field equations
from the Einstein-Hilbert action by explicit variation, with
a careful treatment of why the Euler-Lagrange formalism of
§A.1 does not directly apply and how the Palatini identity
resolves the difficulty.

These appendices are not required to follow the main text,
but they are not merely supplementary either. A reader
who has finished Part III and wants to understand the
generic underlying classical field theoretic machinery will
find this a natural next step.
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A.1 Classical Field Theory

A.1.1 The Canonical Volume Form

Fix an oriented pseudo-Riemannian n-manifold (M, g).
The metric g determines a canonical n-form, the volume
form:

vol =
√︁
|g| dx1 ∧ · · · ∧ dxn,

where g = det(gµν). Under a coordinate change x→ x′ the
metric determinant transforms as |g| → (det ∂x/∂x′)2|g|.
Since gµν is a (0, 2) tensor it picks up two Jacobian fac-
tors, one per index, and taking the determinant of the
full transformation law g′µν = (∂xα/∂x′µ)(∂xβ/∂x′ν)gαβ

yields a square. Taking the square root,
√︁
|g| trans-

forms with exactly one factor of det(∂x/∂x′). Meanwhile
dx1 ∧ · · · ∧ dxn → (det ∂x′/∂x)−1dx′1 ∧ · · · ∧ dx′n. The
two factors cancel, and orientation-preservation ensures the
sign is correct. Note that any nondegenerate (0, 2) tensor
would work by the same argument; we use the metric be-
cause it is the geometric structure already in hand. With
our signature (−,+,+,+) the determinant satisfies g < 0,
so

√︁
|g| =

√
−g. As a concrete check: in flat spacetime

with spherical coordinates, gµν = diag(−1, 1, r2, r2 sin2 θ),
so g = −r4 sin2 θ and

√
−g = r2 sin θ, recovering the famil-

iar volume factor in d4x = r2 sin θ dt dr dθ dϕ.
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A.1.2 The Christoffel Trace Identity

A key identity used throughout these appendices is
Γµ
µλ = ∂λ ln

√
−g. Computing Γµ

µλ explicitly from the
Christoffel definition, the first and third terms cancel on
tracing (relabeling µ ↔ ρ in the third shows it equals mi-
nus the first), leaving:

Γµ
µλ = 1

2 g
µρ∂λgµρ.

To evaluate gµρ∂λgµρ, we need the matrix identity
∂λ(detA) = det(A) · tr(A−1∂λA), which we prove in
three steps, assuming the well-known Laplace expansion
det(A) =

∑︁
j AijCij , where i is any fixed row (the sum

gives the same result for every choice of i), and Cij is the
determinant of A with the ith row and jth column removed.

Step 1: cofactor formula. Since Cij involves no en-
try from row i, differentiating the Laplace expansion gives
∂(detA)/∂Aij = Cij .

Step 2: adjugate identity. The (i, k) entry of A ·adj(A),
where adj(A)ij = Cji, is

∑︁
j AijCkj . For i = k this is

the Laplace expansion, giving det(A); for i ̸= k it is the
determinant of a matrix with two identical rows (i.e., A
with row k replaced by row i), giving 0. Therefore:

A · adj(A) = det(A) · I =⇒ A · adj(A)
detA

= I

=⇒ A−1 =
adj(A)

detA
,

hence Cij = det(A) · (A−1)ji.
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Step 3: contract and conclude. Combining and con-
tracting with ∂λAij :

∂λ(detA) =
∂ det(A)

∂Aij
∂λAij

= det(A) · (A−1)ji ∂λAij

= det(A) · tr(A−1∂λA).

Dividing by det(A) gives tr(A−1∂λA) = ∂λ ln |detA|. Ap-
plied to gµν : g

µρ∂λgµρ = ∂λ ln |g|, so:

Γµ
µλ = 1

2 ∂λ ln |g| = ∂λ ln
√
−g.

This is the desired identity. □

A.1.3 The Least Action Principle

The action principle extends naturally to curved spacetime
for any classical field. The general framework developed
here underlies the specific applications in Appendices A.2
and A.3. For a scalar field ϕ on a curved manifold, the
action takes the form

S :=

�
M
L(ϕ,∇µϕ) vol =

�
d4x
√
−gL(ϕ,∇µϕ),

where L is a Lorentz scalar Lagrangian and
√
−g d4x is the

covariant volume element. Varying with respect to ϕ:

δS =

�
d4x
√
−g

[︃
∂L
∂ϕ

δϕ+
∂L

∂(∇µϕ)
∇µ(δϕ)

]︃
.
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Setting V µ := ∂L/∂(∇µϕ) and applying the Leibniz rule
gives V µ∇µ(δϕ) = ∇µ(V

µδϕ)− (∇µV
µ)δϕ. Writing Wµ :=

V µδϕ, we can calculate the covariant divergence:

∇µW
µ = ∂µW

µ + Γµ
µλW

λ

= ∂µW
µ + (∂λ ln

√
−g)W λ

=
1√
−g

∂µ(
√
−gWµ),

where Γµ
µλ = ∂λ ln

√
−g is proved above, so�

d4x
√
−g∇µW

µ =
�
d4x ∂µ(

√
−gWµ) is a surface

term and vanishes by the generalized Stokes theorem:

δS =

�
d4x
√
−g

[︃
∂L
∂ϕ
−∇µ

(︃
∂L

∂(∇µϕ)

)︃]︃
δϕ = 0.

Since this holds ∀ δϕ, the covariant Euler-Lagrange
equations are

∂L
∂ϕ
−∇µ

(︃
∂L

∂(∇µϕ)

)︃
= 0.

In flat spacetime ∇µ → ∂µ and
√
−g → 1, recovering the

standard result.

A.1.4 Example: Klein-Gordon Field

The Lagrangian for a real scalar field of mass m is

L = −1
2

(︁
gµν∇µϕ∇νϕ+m2ϕ2

)︁
.
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The two terms are ∂L/∂ϕ = −m2ϕ and ∂L/∂(∇µϕ) =
−∇µϕ. Substituting:

−m2ϕ+∇µ∇µϕ = 0,

i.e. (□ −m2)ϕ = 0, the covariant Klein-Gordon equa-
tion, where □ = ∇µ∇µ is the covariant d’Alembertian.

A.2 Classical Electrodynamics in
Curved Spacetime

A.2.1 The Gauge Potential

Electromagnetism on a 4-manifold begins with a 1-form
A, the gauge potential (the relativistic packaging of the
scalar and vector potentials). The field strength is

F = dA.

F is a 2-form; its 6 independent components Fµν = ∂µAν−
∂νAµ (defined via F = 1

2Fµν dx
µ∧dxν , summing over all or-

dered pairs µ, ν, with the 1
2 absorbing the double-counting)

encode the electric and magnetic fields: F0i = −Ei and
Fij = εijkB

k.

The Maxwell Lagrangian L = −1
4FµνF

µν fits the frame-
work of §A.1 with the 1-form Aµ in place of ϕ. Since
Fµν = ∂µAν − ∂νAµ depends only on first derivatives of
A, the Euler-Lagrange equations give ∂L/∂Aν = 0 and
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∂L/∂(∂µAν) = −Fµν , yielding ∇µF
µν = 0. Adding

the coupling term AµJ
µ to the Lagrangian shifts this to

∇µF
µν = Jν , the curved-space Maxwell equation devel-

oped below.

A.2.2 The Hodge Star

The language of differential forms gives a strikingly clean
formulation of Maxwell’s equations which lays bare their ge-
ometric content. The essential new ingredient is the Hodge
star, an operation that uses the metric to convert k-forms
into (4− k)-forms on spacetime.

Let εµ1···µn denote the Levi-Civita symbol: +1 if
(µ1, . . . , µn) is an even permutation of (0, . . . , n − 1), −1
if odd, and 0 if any two indices coincide. The Hodge star
⋆ : Ωk → Ωn−k is defined in coordinates by

(⋆β)µk+1···µn =

√︁
|g|
k!

εµ1···µn β
µ1···µk ,

where βµ1···µk = gµ1ν1 · · · gµkνkβν1···νk has indices raised by
the metric, and 1/k! corrects for summing over all order-
ings of the contracted indices. The Hodge star therefore
replaces a k-form with a specific (n− k)-form whose mean-
ing we can interpret geometrically. Raising the indices of
β via g identifies the k directions β points in; εµ1···µn then
antisymmetrizes over all n indices and selects the comple-
mentary (n − k) directions. The antisymmetry of εµ1···µn

forces µk+1, . . . , µn to be exactly the indices not contracted
against β (the directions β does not occupy).
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A.2.3 Maxwell’s Equations in Differential Forms
Notation

The first pair of Maxwell equations follow immediately from
d2 = 0:

dF = 0.

No metric is needed. This is a statement about smooth
structure alone. In components dF = 0 reads ∂[µFνρ] = 0,
i.e.

∂µFνρ + ∂νFρµ + ∂ρFµν = 0.

Taking (µ, ν, ρ) = (1, 2, 3) gives ∂1F23 + ∂2F31 + ∂3F12 = 0,
which in vector notation is ∇ ·B = 0. Taking one index to
be 0 gives ∂0Fij+∂iFj0+∂jF0i = 0, i.e. ∂tB

k+(∇×E)k = 0,
Faraday’s law.

The second pair requires the metric. Let J be the current
1-form, with components Jµ = gµνJ

ν where Jµ = (ρ, j) is
the 4-current. The dynamical Maxwell equations are

d⋆F = ⋆J.

To unpack this, apply the Hodge star definition to F =
1
2Fµν dx

µ ∧ dxν . With k = 2 and n = 4, the component
formula gives:

(⋆F )ρσ =
1

2

√
−g εµνρσ Fµν .
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For J a 1-form (k = 1), the same formula gives:

(⋆J)λρσ =
√
−g εµλρσ Jµ.

Since d⋆F is the 3-form with components ∂[λ(⋆F )ρσ], the
component equation d⋆F = ⋆J reads:

∂λ(⋆F )ρσ + ∂ρ(⋆F )σλ + ∂σ(⋆F )λρ = (⋆J)λρσ.

Substituting (⋆F )ρσ = 1
2

√
−g εαβρσFαβ and contracting

both sides with ενλρσ, the three cyclic terms on the left
are equal by relabeling dummies, giving a factor of 3:

3

2
ενλρσεαβρσ ∂λ

(︂√
−g Fαβ

)︂
.

Applying ενλρσεαβρσ = −2
(︂
δναδ

λ
β − δνβδ

λ
α

)︂
and contracting

the deltas:

−3
[︂
∂β

(︂√
−g F νβ

)︂
− ∂α

(︁√
−g Fαν

)︁]︂
= −6 ∂µ

(︁√
−g Fµν

)︁
.

On the other hand, we also have ενλρσεαλρσ = −6 δνα, so
ενλρσ(⋆J)λρσ = −6

√
−g Jν . Canceling −6 gives:

∂µ(
√
−g Fµν) =

√
−g Jν .

Taking ν = 0: F i0 = giρg0σFρσ = −Ei, so ∂i(
√
−g Ei) =√

−g ρ. In Minkowski space,
√
−g = 1 giving ∇ · E =

ρ, Gauss’s law. Taking ν = i: the spatial components
give (again in Minkowski space) ∂tE

i − (∇ × B)i = −J i,
Ampère’s law with the displacement current.

The forms notation is certainly elegant and concise, but
its real benefit is making the geometric structure mani-
fest. dF = 0 and d⋆F = ⋆J are the Maxwell equations
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on any pseudo-Riemannian manifold. In the component
form ∂µ(

√
−g Fµν) =

√
−g Jν , the

√
−g inside the deriva-

tive is what makes the expression coordinate-independent,
accounting for a volume element that varies across space-
time. In Minkowski space

√
−g = 1 throughout, and the

equation reduces immediately to ∂µF
µν = Jν , the classi-

cal form. Geometrically, F is a 2-form: it measures flux
through 2-surfaces. The equation dF = 0 says this flux has
no boundary. This is a purely topological statement requir-
ing no metric, encoding the absence of magnetic monopoles
and Faraday’s law. The second equation d⋆F = ⋆J intro-
duces geometry via ⋆. To define the directions complemen-
tary to those F occupies, you need a notion of perpendicu-
larity, which is exactly what the metric provides. It is the
divergence of this complementary form that is sourced by
the current, encoding Gauss’s law and Ampère’s law.

A.2.4 Minimal Coupling

The prescription of minimal coupling promotes the flat-
space equation ∂µF

µν = Jν to curved spacetime by re-
placing ∂µ → ∇µ, giving ∇µF

µν = Jν . Expanding the
covariant derivative:

∇µF
µν = ∂µF

µν + Γµ
µλF

λν + Γν
µλF

µλ.

The last term vanishes: Γν
µλ is symmetric in µ, λ while Fµλ

is antisymmetric. By the Christoffel trace identity of §A.1,
Γµ
µλ = ∂λ ln

√
−g. Substituting and applying the product

rule:

∇µF
µν = ∂µF

µν +
(︁
∂λ ln

√
−g

)︁
F λν =

1√
−g

∂µ
(︁√
−g Fµν

)︁
.



The Einstein-Hilbert Action 111

So ∇µF
µν = Jν is equivalent to ∂µ(

√
−g Fµν) =

√
−g Jν ,

exactly the component form of d⋆F = ⋆J derived above.
The forms equation is the minimally coupled curved-space
Maxwell equation.

A.3 The Einstein-Hilbert Action

A.3.1 The Action

The EFE can be derived from an action principle. The
Einstein-Hilbert action is:

S =
1

16πG

�
d4x
√
−g R+ Smatter.

Here Smatter is the action for whatever matter fields are
present; its variation with respect to the metric defines
Tµν , as detailed in §A.3.4. Among diffeomorphism-invariant
scalars built from gµν and at most two derivatives, R is a
simple, natural choice, and we will see that it indeed pro-
duces the EFE. Setting δS/δgµν = 0 requires three ingredi-
ents which we develop below.

Before proceeding, it is worth asking why we do not simply
apply the Euler-Lagrange formalism of §A.1. The answer
is that the framework there assumes a Lagrangian depend-
ing on a field and its first derivatives. Here the field is gµν
and the Lagrangian is R, which contains second derivatives
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of the metric through the Christoffel symbols. The Euler-
Lagrange equations of §A.1 therefore do not apply without
modification, and the explicit variation of S is the cleaner
route for our purposes. The Palatini identity handles the
problematic second-derivative terms by showing they form
a total divergence, disposing of them as a boundary contri-
bution.

Turning to the variation, write δS = δSH + δSmatter, where
δSH = 1

16πG

�
d4x δ(

√
−g R). Expanding δ(

√
−g R) =

δ
√
−g ·R+

√
−g · δ(gµνRµν) and splitting the last factor:

δSH =
1

16πG

�
d4x

[︁
Rδ
√
−g +

√
−g Rµν δg

µν

+
√
−g gµνδRµν

]︁
.

Each of the three terms requires separate treatment, han-
dled in the subsections below.

A.3.2 Variation of
√
−g

The matrix identity proved in §A.1 gives δ(detA) =
(detA) tr(A−1δA) for any invertible A. Applied to gµν :

δg = g gµνδgµν .

To express δgµν in terms of δgµν , vary the identity gµαgαν =
δµν . The right side is constant, so δgµα ·gαν +gµα · δgαν = 0,
giving gµαδgαν = −gανδgµα. Multiplying both sides by gµβ:

δgβν = −gµβ gαν δgµα.
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Contracting: gµνδgµν = gµν(−gµαgνβδgαβ) =
−δναgνβδgαβ = −gαβδgαβ = −gµνδgµν . Since g < 0:

δ
√
−g = −1

2

√
−g gµν δgµν .

A.3.3 The Palatini Identity

We need gµνδRµν . Christoffel symbols are not tensors; to
see why, start from the definition Γρ

µν = 1
2g

ρσ(∂µgνσ +
∂νgµσ − ∂σgµν). Under x → x′ the metric transforms as

g′µν = ∂xα

∂x′µ
∂xβ

∂x′ν gαβ, so differentiating with the chain and
product rules gives:

∂′
λg

′
µν = ∂′

λ

[︃
∂xα

∂x′µ
∂xβ

∂x′ν
gαβ

]︃
=

∂xγ

∂x′λ
∂xα

∂x′µ
∂xβ

∂x′ν
∂γgαβ

+ gαβ

[︃
∂2xα

∂x′λ∂x′µ
∂xβ

∂x′ν
+

∂xα

∂x′µ
∂2xβ

∂x′λ∂x′ν

]︃
.

Forming the Christoffel combination ∂′
µg

′
νλ + ∂′

νg
′
µλ −

∂′
λg

′
µν : the single-derivative terms assemble into

2 ∂xα

∂x′µ
∂xβ

∂x′ν
∂xγ

∂x′λ gγσΓ
σ
αβ, while four of the six second-

derivative terms cancel in pairs, leaving 2gαβ
∂xβ

∂x′λ
∂2xα

∂x′µ∂x′ν .

Multiplying by 1
2g

′ρλ and using the inverse metric
transformation together with the Jacobian identity
∂x′λ

∂xν
∂xβ

∂x′λ = δβν , both contractions reduce the same

way: g′ρλ ∂xγ

∂x′λ gγσ = ∂x′ρ

∂xµ gµνgνσ = ∂x′ρ

∂xσ , and similarly
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g′ρλgαβ
∂xβ

∂x′λ = ∂x′ρ

∂xα . Putting these pieces together, we get
the connection transformation:

Γ′ρ
µν =

∂x′ρ

∂xσ
∂xα

∂x′µ
∂xβ

∂x′ν
Γσ
αβ

+
∂x′ρ

∂xα
∂2xα

∂x′µ ∂x′ν
.

The second term depends only on the coordinate transfor-
mation, not on the metric. So for any two connections Γ
and Γ̃, it is identical in both and cancels in the difference
Γ− Γ̃, which therefore transforms as a (1, 2) tensor.

We now vary R. At any point, choose Riemann normal
coordinates so Γλ

µν = 0 there. We also know that partial
and covariant derivatives then coincide at that point. The
quadratic ΓΓ terms in the Riemann definition vanish, leav-
ing Rρ

σµν = ∂µΓ
ρ
νσ − ∂νΓ

ρ
µσ. Varying and replacing ∂ with

∇:

δRρ
σµν = ∇µ(δΓ

ρ
νσ)−∇ν(δΓ

ρ
µσ).

Here δΓλ
µν = Γλ

µν [g + δg] − Γλ
µν [g] is exactly a difference of

two connections, so by the result above it is a (1, 2) tensor,
justifying the application of ∇. Since this is a tensor equa-
tion it holds in all coordinate systems. Setting ρ = µ gives
δRσν = ∇µ(δΓ

µ
νσ) − ∇ν(δΓ

µ
µσ). Contracting with gσν and

using ∇g = 0 to pull gσν inside ∇:

gσνδRσν = ∇µ(g
σνδΓµ

νσ)−∇ν(g
σνδΓµ

µσ).

Relabeling ν → µ in the second term (both are dummy
indices) combines the two into a single divergence:

gµνδRµν = ∇µZ
µ, Zµ := gσνδΓµ

νσ − gµνδΓλ
νλ.
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Using the identity ∇µZ
µ = 1√

−g
∂µ(
√
−g Zµ) proved in

§A.1, the integral
�
d4x
√
−g∇µZ

µ =
�
d4x ∂µ(

√
−g Zµ) is

a boundary term and vanishes for fields decaying at infinity.

A.3.4 The Matter Variation

The variation of the matter action with respect to gµν de-
fines the energy-momentum tensor:

δSmatter =: −1
2

�
d4x
√
−g Tµν δg

µν .

This is the definition of Tµν in curved spacetime: it is what-
ever the matter action produces when the metric is varied.

A.3.5 The Einstein Field Equations

Now substitute the three results into the expan-
sion of δSH from §A.3.1. The first term gives
Rδ
√
−g = −1

2

√
−g gµνRδgµν , the third term√

−g gµνδRµν =
√
−g∇µZ

µ is the Palatini boundary
term and vanishes, leaving:

δSH =
1

16πG

�
d4x
√
−g

(︁
Rµν − 1

2gµνR
)︁
δgµν

=
1

16πG

�
d4x
√
−g Gµν δg

µν .
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Setting δ(SH + Smatter)/δg
µν = 0 and factoring out√

−g δgµν :

Gµν = 8πGTµν .
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